LOCAL STRUCTURE THEOREMS FOR SMOOTH MAPS
OF FORMAL SCHEMES

LEOVIGILDO ALONSO TARRIO, ANA JEREMIAS LOPEZ,
AND MARTA PEREZ RODRIGUEZ

ABSTRACT. We deepen our study on infinitesimal lifting properties of
maps between locally noetherian formal schemes started in [AJP]. In
this paper, we focus on properties which make sense specifically in the
formal context. In this vein, we make a detailed study of the rela-
tionship between the infinitesimal lifting properties of a morphism of
formal schemes and those of the corresponding maps of usual schemes
associated to the directed systems that define the corresponding formal
schemes. Among our main results, we obtain the characterization of
completion morphisms as pseudo closed immersions that are flat. Also,
the local structure of smooth and étale morphisms between locally noe-
therian formal schemes is described: the former factors locally as a com-
pletion morphism followed by a smooth adic morphism and the latter
as a completion morphism followed by an étale adic morphism.
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INTRODUCTION

Formal schemes have always been present in the backstage of algebraic
geometry but they were rarely studied in a systematic way after the founda-
tional [EGA I, §10]. It has become more and more clear that the wide appli-
cability of formal schemes in several areas of mathematics require such study.
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Let us cite a few of this applications. The construction of De Rham cohomol-
ogy for a scheme X of zero characteristic embeddable in a smooth scheme
P, studied by Hartshorne [H] (and, independently, by Deligne), is defined
as the hypercohomology of the formal completion of the De Rham complex
of the completion of P along X. Formal schemes play a key role in p-adic
cohomologies (crystalline, rigid ...) and are also algebraic models of rigid
analytic spaces. This developments go back to Grothendieck with further
elaborations by Raynaud in collaboration with Bosch and Liitkebohmert
and later work by Berthelot and de Jong. In a different vein, Strickland [St]
has pointed out the importance of formal schemes in the context of (stable)
homotopy theory.

A particular assumption that it is almost always present in most earlier
works on formal schemes is that morphisms are adic, i.e. that the topology of
the sheaf of rings of the initial scheme is induced by the topology of the base
formal scheme. This hypothesis on a morphism of formal schemes guarantees
that its fibers are usual schemes, therefore an adic morphism between formal
schemes is, in the terminology of Grothendieck’s school, a relative scheme
over a base that is a formal scheme. But there are important examples of
maps of formal schemes that do not correspond to this situation. The first
example that comes into mind is the natural map Spf(A[[X]]) — Spf(A)
for an adic ring A. This morphism has a finiteness property that had not
been made explicit until [AJL1] (and independently, in [Y]). This property
is called pseudo finite type'. The fact that pseudo finite type morphisms
need not be adic allows fibers that are not usual schemes, and the structure
of these maps is, therefore, more complex than the structure of adic maps.
The study of smoothness and, more generally, infinitesimal lifting properties
in the context of noetherian formal schemes together with this hypothesis of
finiteness was embraced in general in our previous work [AJP]. We should
mention a preceeding study of smooth morphisms under the restriction that
the base is a usual scheme in [Y] and also the overlap of several results in
[AJP] and a set of results in [LNS, §2], based on Nayak’s 1998 thesis.

In [AJP] we studied the good properties of these definitions and the agree-
ment of their properties with the corresponding behavior for usual noether-
ian schemes, obtaining the corresponding statement of Zariski’s Jacobian
criterion for smoothness. Now we concentrate on studying properties which
make sense specifically in the formal context getting information about the
infinitesimal lifting properties from information present in the structure of
a formal scheme.

This paper can be structured roughly into three parts. The first, formed
by sections 1, 2 and 3 includes preliminaires, introduces the notion of quasi-
covering and the study of completion morphisms. We know of no previous
reference about these matters, so we include all the needed details. They
will be indispensable to state our results. The second part encompasses

ln [Y] the terminology formally finite type is used.
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three sections (4, 5 and 6). We show that there exists a close relationship
between the infinitesimal lifting properties of an adic morphism and the in-
finitesimal lifting properties of the underlying morphism of ordinary schemes
fo- The third part (section 7) treats the structure theorems, which are the
main results of this work. We characterize open immersions and completion
morphisms in terms of the étale property. We classify étale adic coverings
of a noetherian formal scheme. Finally, we give local structure theorems for
unramified, étale and smooth maps, that show that it is possible to factor
them locally into simpler maps.

Let us discuss in greater detail the contents of every section. Our frame-
work is the category of locally noetherian formal schemes. In this category
a morphism f: X — %) can be expressed as a direct limit

f= h_Hl)fn
neN

of a family of maps of ordinary schemes using appropriate Ideals of definition.
The first section sets the basic notations and recalls some definitions that
will be used throughout the paper. The second section deals with morphisms
between locally noetherian formal schemes expressed as before as a limit in
which every map f, is a closed immersion of usual schemes. It is a true
closed immersion of formal schemes when f is adic. We treat radical maps
of formal schemes and see that the main results are completely similar to
the case of usual schemes. On usual schemes, quasi-finite maps play a very
important role in the understanding of the structure of étale maps. In
the context of formal schemes there are two natural generalizations of this
notion. The simplest one is pseudo-quasifinite (Definition 2.7) — in a few
words: “of pseudo-finite type with finite fibers”. The key notion though
is that of quasi-covering (Definition 2.8). While both are equivalent in the
context of usual schemes, the latter is a basic property of unramified and,
therefore, étale maps between formal schemes (¢f. Corollaries 4.7 and 6.6).
In section 3 we discuss flat morphisms in the context of locally noetherian
formal schemes. Next, we study morphisms of completion in this setting.
They form a class of flat morphisms that are closed immersions as topological
maps. These kind of maps will be essential for the results of the last section.

Expressing a morphism f: X — ) between locally noetherian formal
schemes as a limit as before, it is sensible to ask about the relation that
exists between the infinitesimal lifting properties of f and the infinitesimal
lifting properties of the underlying morphisms of usual schemes {f,}nen-
This is one of the main topics of the next three sections. The case of unram-
ified morphisms is simple: f is unramified if, and only if, f,, are unramified
Vn € N (Proposition 4.1). Another characterization is that f is unramified
if, and only if, fy is and the fibers of f and of fy agree (Corollary 4.10). A
consequence of this result is a useful characterization of pseudo closed im-
mersion as those unramified morphisms such that fy is a closed immersion
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(Corollary 4.13). Smooth morphisms are somewhat more difficult to char-
acterize. An adic morphism f is smooth if, and only if, fy is and f is flat
(Corollary 5.6). For a non adic morphism, one cannot expect that the maps
fn are going to be smooth as it is shown by example 5.7. On the positive
side, there is a nice characterization of smooth closed subschemes (Proposi-
tion 5.11). Also, the matrix jacobian criterion holds for formal schemes, see
Corollary 5.13 for a precise statement. In section 6 we combine these results
to obtain properties of étale morphisms. It is noteworthy to point out that
a smooth pseudo quasi-finite map need not be étale (Example 6.7).

The last section contains our main results. First we recover in our frame-
work the classical fact for usual schemes [EGA IVy, (17.9.1)] that an open
immersion is a map that is étale and radical (Theorem 7.3). We also char-
acterize completion morphisms as those pseudo closed immersions that are
flat. This and other characterizations are given in Proposition 7.5. Writing
a locally noetherian formal scheme %) as

9= lim Y,
neN

with respect to an Ideal of definition, Proposition 7.7 says that there is an
equivalence of categories between étale adic )-formal schemes and étale Yj-
schemes. A special case already appears in [Y, Proposition 2.4]. In fact, this
result is a reinterpretation of [EGA IVy, (18.1.2)]. The factorization theo-
rems are based in Theorem 7.11 that says that an unramified morphism can
be factored locally into a pseudo closed immersion followed by an étale adic
map. As consequences we obtain Theorem 7.12 and Theorem 7.13. They
state that every smooth morphism and every étale morphism factor locally
as a completion morphism followed by a smooth adic morphism and an
étale adic morphism, respectively. These results explain the local structure
of smooth and étale morphisms of formal schemes. It has been remarked by
Lipman, Nayak and Sastry in [LNS, p. 132] that this observation may sim-
plify some developments related to Cousin complexes and duality on formal
schemes.

1. PRELIMINARIES

We denote by NFS the category of the locally noetherian formal schemes
and by NFS,¢ the subcategory of locally noetherian affine formal schemes.
We write Sch for the category of ordinary schemes.

We assume that the reader is familiar with the basic theory of formal
schemes as is explained in [EGA I, §10]: formal spectrum, Ideal of definition
of a formal scheme, fiber product of formal schemes, functor M ~» M?%
for modules over adic rings, completion of a usual scheme along a closed
subscheme, adic morphisms, separated morphisms, etc.

From now on and, except otherwise indicated, every formal scheme will
be in NFS. We will assume that every ring is noetherian and, therefore,
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that every complete ring and every complete module for an adic topology
are separated.

1.1. Henceforward, the following notation [EGA I, §10.6] will be used:

(1) Given X € NFS and J C Ox an Ideal of definition for each n € N we
put X, := (X, 0x/J"!) and we indicate that X is the direct limit
of the schemes X,, by

X= lim X,.
neN
The ringed spaces X and X, have the same underlying topological
space, so we will not distinguish between a point in X or X,.

(2) If f: X -9 isin NFS, J C Ox and K C Oy are Ideals of definition
such that f*(K)Ox C J and f,: X, := (X,0%/J") — Y, =
(9, Ogy/K"*1) is the morphism induced by f, for each n € N, then
f is expressed as

f= h_rn> In-
neN

(3) Furthermore, given f: X — 2) a morphism in NFS and K C Og an
Ideal of definition, there exist J C Ox an Ideal of definition such
that f*(K)Ox C J.

1.2. Let f: X — ) a morphism in NFS and J C Ox and K C Oy Ideals of
definition such that f*(K)Ox C J. The morphism f is of pseudo finite type
(pseudo finite) [AJL1, p.7] if fy (and in fact any f,,) is of finite type (finite).
Moreover, if f is adic we say that f is of finite type (finite) [EGA 1, 10.13.3]
([EGA 1114, (4.8.2)]).

1.3. [AJP, Definition 2.1 and Definition 2.6] A morphism f: X — %) in NFS
is smooth (unramified, étale) if it is of pseudo finite type and satisfies the
following lifting condition:

For all affine P-schemes Z and for each closed subscheme T — Z given
by a square zero Ideal T C Oy the induced map

(1.3.1) Homgy(Z, X) — Homgy(T, X)

is surjective (injective, bijective).

Moreover, if f is adic we say that f is smooth adic (unramified adic, étale
adic).
1.4. (¢f. [AJP, 83]) Given f: X — 9 in NFS the differential pair of X
over 9), ((AZ;/QJ,J%@), is locally given by (QA/B,JA/B) for all open sets
U = Spf(A) C X and U = Spf(B) C P with f(U) C V. The Ox-Module
ﬁég/@ is called module of 1-differentials of X over %) and the continuous

))-derivation (jx/@ is called canonical derivation of X over ).

1.5. [EGA I, p. 442] A morphism f: 3 — X in NFS is a closed immersion

if it factors as 3 L &/ <5 % where g is an isomorphism of 3 into a closed
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subscheme X" < X of the formal scheme X ([EGA I, (10.14.2)]). Let us recall
[EGA III;, (4.8.10)]: a morphism f: 3 — X in NFS is a closed immersion if it
is adic and given I C Ox an Ideal of definition of X and J = f*(K)O3, the
corresponding Ideal of definition of 3 the induced morphism fy: Zyg — Xj is
a closed immersion, equivalently, the induced morphisms f,,: Z, — Z,, are
closed immersions for all n € N.

A morphism f : 3 — X in NFS is an open immersion if it factors as

3 L ¥’ < X where g is an isomorphism of 3 into an open subscheme
X — X

Definition 1.6. Let X be in NFS, 7 C Ox an Ideal of definition and z € X.
We define the topological dimension of X at x as

dimtop, X = dim, Xj.

It is easy to see that the definition does not depend on the chosen Ideal of
definition of X. We define the topological dimension of X as
dimtop X = sup dimtop,, X = sup dim, Xy = dim Xp.
rzeX rzeX

Given A an I-adic noetherian ring, put X = Spec(A) and X = Spf(A4),
then dimtop X = dim A/I. Despite the only “visible part” of X in X =
Spec(A) is V(I), it happens that X \ V(I) has a deep effect on the behavior
of X as we will see along this work. So apart from the topological dimension
of X, it is necessary to consider another notion of dimension that expresses
part of the “hidden” information: the algebraic dimension.

Definition 1.7. Let X be in NFS and J an Ideal of definition of X. Given
x € X we define the algebraic dimension of X at x as

dim, X = dim Ox ;.
The algebraic dimension of X is

dim X = supdim, X.
reX
Proposition 1.8. If X = Spf(A) with A an I-adic noetherian ring then
dim X = dim A.

Proof. For each x € X, if p, is the corresponding open prime ideal in A
we have that dim, X = dim Ay, y = dim Ay, since Ap, — Ay y is a flat
extension of local rings with the same residue field (¢f. [M1, (24.D)]). O

Example 1.9. Given A an [-adic noetherian ring and T =T, 15, ..., T,
a finite number of indeterminates, the affine formal space of dimension r
over A is Agpf(A) = Spf(A{T}) and the formal disc of dimension r over A

is Dgpp 4y = Spf(A[[T]]) (see [AJP, Example 1.6]). It holds that

dimtop Ag g4y = dimAg . 1p = dimA/I +r

dimtopDg ¢ 4y = dim Spec(A/I) =  dimA/I



LOCAL STRUCTURE THEOREMS FOR SMOOTH MAPS OF FORMAL SCHEMES 7

and
dim Age 4y = dimA{T} = dimA+r = dimSpf(A)+r

dim DG ¢ 4 = dim A[[T]] = dimA+r = dim Spf(A) + 7.

Ju—
o
—_
o

From this examples, we see that the algebraic dimension of a formal
scheme does not measure the dimension of the underlying topological space.
In general, for X in NFS, dim, X > dimtop,, X, for any € X and, therefore

dim X > dimtop X.

Moreover, if X = Spf(A) with A an I-adic ring then dim X > dimtop X +
ht(7).

Definition 1.10. Let f : X — ) be in NFS and y € ). The fiber of f at
the point y is the formal scheme

f~H(y) = X xg Spec(k(y)).
For example, if f : X = Spf(B) — 2 = Spf(A) is in NFS;s we have that
f7H(y) = Spf(B®ak(y)).

Example 1.11. Let 2 = Spf(A4) be in NFSy¢ and T =Ty, To, ..., T,.. If
p: A% — 9) is the canonical projection of the affine formal r-space over ),
for all z € Ay and y = p(x) we have that

p~'(y) = SpE(A{T}2ak(y)) = Spec(k()[T]) = Afpec(riy))-

If ¢ : ]D)% — 9) is the canonical projection of the formal r-disc over ), given
z €Dy and y = q(x), there results that

g~ (y) = SpE(A[[TN® 4k(y)) = SpE((Y)[T]]) = Dipecry))-

1.12. Let f: X — 2 be in NFS and let us consider J C Ox and K C Oy
Ideals of definition with f*(K)Ox C J. According to 1.1, the morphism f

can be written as f = hﬂ (fn : X,y — Y,) with respect to the Ideals of
neN

definition J and KC . Then, by [EGA I, (10.7.4)] it holds that

)= lim £ (y)
neN
where f 1(y) = X,, xv, Spec(k(y)), for each n € N.
If f is adic, by base-change (c¢f. [AJP, 1.3]) we deduce that f~'(y) —
Spec(k(y)) is adic so, f~1(y) is a (ordinary) scheme and f~(y) = f, (),
for all n € N.

1.13. We will establish the following convention. Let f : X — 2) be in NFS,
r € X and y = f(z) and assume that J C Ox and K C Oy are Ideals of
definition such that f*(K)Ox C J. From now and, except otherwise indi-
cated, whenever we consider the rings Ox , and Og) , we will associate them
the JO%, and KOy ,-adic topologies, respectively. And we will denote by
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6357\,5 and 6@: the completion of Ox, and Oy, with respect to the JOx
and KOq ,-adic topologies, respectively.

Definition 1.14. Let f: X — ) be in NFS. Given z € X and y = f(z), we
define the relative algebraic dimension of f at x as

dim, f = dim, ffl(y)

If 7 € Ox and K C Oy are Ideals of definition such that f*(K)Ox C J,
then

dim, f = dim Of-1(y) , = dim Ox» ®oy, , k(y) = dim@ o k(y).

The topology in 63; ®O/QJ\ k(y) is the J@-adic then @&X\)O/m\k(y) =
sY Y
Oxe ®p5— k(y)-

1.15. Given an adic morphism f : X — ) in NFS and Ideals of definition
J C Ox and K C Oy such that f*(K)Ox C J, then dim, f = dim, fo for
every x € X. For example:
(1) If p: A}y == A} x7 Y — 2 is the canonical projection of the affine
formal r-space over ), given x € A’”@ we have that

dim, p = dim k(y)[T] = r,

where y = p(x). In contrast, if ¢ : JD)% =D} xz9 — 2 is the
canonical projection of the formal r-disc over ), = € ]DVQ:j and y =
q(x) there results that

dim, ¢ = dim k(y)[[T]] =r> dimk(y) =0

(2) If X is a usual noetherian scheme and X’ is a closed subscheme of X,
recall that the morphism of completion of X along X', x : X /xr — X
([EGA I, (10.8.5)]) is not adic, in general. Note however that

dim, k = dimk(x) =0
forall z € X /x.

2. PSEUDO CLOSED IMMERSIONS AND QUASI-COVERINGS

Definition 2.1. A morphism f : X — 9) in NFS is a pseudo closed im-
mersion if there exists J C Ox and K C Og Ideals of definition satisfy-
ing f*(K)Ox C J and such that the induced morphisms of usual schemes
{fn : X, = Y, }nen are closed immersions.

Note that if f: X — 9 is a pseudo closed immersion, f(X) is a closed
subset of ).

Let us show that this definition does not depend on the chosen Ideals of
definition. Being a local question, we can assume that f : X = Spf(A) —
9) = Spf(B) is in NFS,¢ and that J = J*, K = K* for ideals of definition
J C Aand K C B such that KA C J. Then, given another pair of ideals of
definition .JJ' C A and K’ C B such that J' = J'2 C Ox, K' = K'® C Oy
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satisfying that f*(K')Ox C J’, there exists ng > 0 such that J™ C J'
and K™ C K’. The morphism B — A induces the following commutative
diagrams

B/Kno(n—H) . A/Jno(n—l-l)

J l

B/Kanrl A/J/nJrl

and it follows that B/K'™™! — A/J"™*1 is surjective, for all n € N. Then,
using 1.5, it follows that the morphism (X, Ox/J"" 1) — (9, Ogy/K™T1) is
a closed immersion, for all n € N.

Example 2.2. Let X be a noetherian scheme and X’ C X a closed sub-
scheme defined by an Ideal Z C Ox. The morphism of completion X,y =
X of X along X’ ([EGA I, (10.8.5)]) is expressed as

tim ((x',0x /1) 22 (X, 0x)) |
ne

therefore, it is a pseudo closed immersion.

Notice that an adic pseudo closed immersion is a closed immersion (cf.
1.5). However, to be a pseudo closed immersion is not a topological property:

Example 2.3. Given K a field, let p : ]D)épec(K) — Spec(K) be the canonical

projection. If we consider the Ideal of definition (T)%, of DépeC(K) then
P0o = lgpec(k) is a closed immersion. However, the morphisms

Pn = Spec(K[T]/(T)"1) — Spec(K)

are not closed immersions, for all n > 0 and, thus, p is not a pseudo closed
immersion.

Proposition 2.4. Let f : X — 9 and g : Y — & be two morphisms in
NFS. It holds that:

(1) If f and g are (pseudo) closed immersions then go f is a (pseudo)
closed immersion.

(2) If f is a (pseudo) closed immersion, given h : )" — Y in NFS we
have that Xgy = X X9 ' is in NFS and that f' : X9y — ' is a
(pseudo) closed immersion.

Proof. 1t is known that adic morphisms are stable under composition and
base-change (cf. [AJP, 1.3]) so it suffices to show the properties for pseudo
closed immersions. As for (1) let J C Ox, K C Oy and L C Og be
Ideals of definition such that f*(K)Ox C J, ¢*(£)Og C K and consider the
corresponding expressions for f and g as direct limit of scheme morphisms:

f=lm (X, INy) g= lm (¥, 258,
neN neN
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Since

gof= lim gyofy
neN

the assertion follows from the stability under composition of closed immer-
sions in Sch. Let us show (2). Take K’ C Ogy an Ideal of definition with
h*(K)Ogy C K’ and such that, by 1.1,

h = lim (hn 1Y, = Y,).
neN

Then by [EGA I, (10.7.4)] we have that

%QJ/ f4> m/ Xn Xy, Yr; L) Y?i
h = lim hn
neN
X # 2 X, # Y,

By hypothesis, f, is a closed immersion and since closed immersions in
Sch are stable under base-change we have that f], is a closed immersion of
noetherian schemes, ¥n € N. Finally, since f is a morphism of pseudo finite
type, from [AJP, Proposition 1.8.(2)] we have that Xgy is in NFS. O

Next we turn to the study of radical morphisms in the context of formal
schemes. This notion will allow us later (Theorem 7.3) to give a characteri-
zation of open immersions in terms of étale morphisms.

Definition 2.5. A morphism f : X — %) in NFS is radical if given J C Ox
and I C Og Ideals of definition such that f*(K)Ox C J the induced
morphism of schemes fj : Xo — Y} is radical.

Given x € X, the residue fields of the local rings Ox, and Ox, . agree
and analogously for Oy f(,) and Oy r,(x). Therefore the definition of radical
morphisms does not depend on the chosen Ideals of definition of X and ).

2.6. From the sorites of radical morphisms in Sch it follows that:

(1) Radical morphisms are stable under composition and noetherian
base-change.

(2) Every monomorphism is radical. So, open immersions, closed im-
mersions and pseudo closed immersions are radical morphisms.

The notion of quasi-finite morphism of usual schemes [EGA I, Defini-
tion(6.11.3)] is based on the equivalence between several conditions for mor-
phisms between schemes (see Corollaire (6.11.2) in loc. cit.) that are no
longer equivalent in the full context of formal schemes. Specifically, we study
two notions that generalize that of quasi-finite morphism of usual schemes.
They will play a basic role in understanding the structure of unramified and
étale morphisms in NFS.
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Definition 2.7. Let f: X — 2) a pseudo finite type morphism in NFS. We
say that f is pseudo quasi-finite if there exist J C Ox and K C Og Ideals
of definition with f*(K)Ox C J and such that fy is quasi-finite. And f is
pseudo quasi-finite at x € X if there exists an open neighborhood x € 4 C X
such that fly is pseudo quasi-finite.

Notice that if f : X — 2 is a pseudo quasi-finite morphism (in NFS)
then, for all couples of Ideals of definition J C Ox and K C Og such
that f*(K)Ox C J, the induced morphism of schemes fy : Xo — Yp is
quasi-finite.

As an immediate consequence of the analogous properties in Sch we have
that:

(1) Closed immersions, pseudo closed immersions and open immersions
are pseudo quasi-finite.

(2) Pseudo finite morphisms and finite morphisms are pseudo quasi-
finite.

B)Iff:X—Pand g:9QY — & are pseudo quasi-finite morphisms,
then g o f also is.

(4) If f : X — 9 is pseudo quasi-finite, given h : )’ — ) a morphism in
NFS we have that f': X9y — 9’ is pseudo quasi-finite.

In Sch it is the case that a morphism is étale if, and only if, it is smooth
and quasi-finite. Nevertheless, we will show that in NFS not every smooth
and pseudo quasi-finite morphism is étale (see Example 6.7). That is why
we introduce a stronger notion than pseudo quasi-finite morphism and that
also generalizes quasi-finite morphisms in Sch: the quasi-coverings.

Definition 2.8. Let f: X — ) be a pseudo finite type morphism in NFS.
The morphism f is a quasi-covering if (’)xw(@@%ﬂz)k(f(x)) is a finite type
E(f(z))-module, for all z € X. We say that f is a quasi-covering at x € X if
there exists an open Y C X with = € { such that f|y is a quasi-covering.

We reserve the word covering for a dominant (i.e. with dense image)
quasi-covering. These kind of maps will play no role in the present work
but they are important, for instance, in the study of finite group actions on
formal schemes.

Example 2.9. If X is a locally noetherian scheme and X’ C X is a closed
subscheme the morphism of completion x : X = X,x» — X is a quasi-
covering. In fact, for all x € X we have that

O%,z@)(ﬁxﬁn(z)k(’%(x)) = k(lﬁ)(l’))
Lemma 2.10. We have the following:

(1) Closed immersions, pseudo closed immersions and open immersions
are quasi-coverings.

2) If f: X —> Y and g :Y — S are quasi-coverings, the morphism go f
1S a4 qUASI-COVETING.

(3) If f : X — 9 is a quasi-covering, and h : Q' — Y a morphism in
NFS, then f': X9y — Q' is a quasi-covering.
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Proof. Inmediate. O

Proposition 2.11. If f : X — ) is a quasi-covering in x € X then:
dim, f =0

Proof. 1t is a consequence of the fact that (935756@@@7 s k(f(2)) is an artinian
ring. ([

Remark. Observe that given J C Ox and K C Og Ideals of definition such
that f*(J)Ox C K, for all x € X there results that

OX"”@O@,f(z)k(f(x)) = % Ox,.a Q0y,, fn () k(f(z))-

Over usual schemes quasi-coverings and pseudo quasi-finite morphisms are
equivalent notions. More generally we have the following.

Proposition 2.12. Let f : X — ) be a morphism in NFS. If f is a quasi-
covering, then is pseudo quasi-finite. Furthermore, if f is adic the converse
holds.

Proof. Suppose that f is a quasi-covering and let J C Ox and K C Oy
be Ideals of definition such that f*(K)Ox C J. For z € X and y = f(x),
(’)x@@(guyk(y) is a finite k(y)-module and, therefore,

OX(),CL’ o Oxz

= o) k
mY07yOX0733 jox,fﬂ Yoy (y)

is k(y)-finite, so it follows that f is pseudo quasi-finite.
If f is an adic morphism, f~1(y) = fo_l(y) for each y € 9) then,

OXO,x/myoyyOXO:x = (’)x,m@%’yk(y)

for all z € X with y = f(x). If f is moreover pseudo quasi-finite, it follows
from [EGA I, Corollaire (6.11.2)] that f is a quasi-covering. O

Corollary 2.13. Every finite morphism f : X — ) in NFS is a quasi-
Covering.

Proof. Finite morphisms are adic and pseudo quasi-finite. Therefore the
result is consequence of the last proposition. O

Nevertheless, by the next example, not every pseudo finite morphism is
a quasi-covering and, therefore, pseudo quasi-finite does not imply quasi-
covering for morphisms in NFS.

Example 2.14. For r > 0, the canonical projection p : D} — X is not a
quasi-covering since

dim,p = r>0 VreX.
1.15.(1)

But considering an appropiate pair of ideals of definition, the scheme map
po = 1x, is finite.
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2.15. In short, we have the following diagram of strict implications (with
the conditions that imply adic morphism in italics):

closed immersion = finite = quasi-covering

I 4 ¢

pseudo closed immersion = pseudo finite = pseudo quasi-finite

3. FLAT MORPHISMS AND COMPLETION MORPHISMS

In the first part of this section we discuss flat morphisms in NFS. When-

ever a morphism
= lim
f m fn

is adic, the local criterion of flatness for formal schemes (Proposition 3.3)
relates the flat character of f and that of the morphisms f,,, for alln € N. In
absence of the adic hypothesis this relation does not hold, though (Example
3.2). In the second part, we study the morphisms of completion in NFS, a
class of flat morphisms that are pseudo closed immersions (so, they are closed
immersions as topological maps). Despite the construction of the completion
of a formal scheme along a closed formal subscheme is clearly natural in
NFS, it has not been systematically developed in the basic references about
formal schemes. Morphisms of completion will be an essential ingredient in
the main theorems of Section 7, namely, Theorems 7.11, 7.12 and 7.13.

3.1. A morphism f: X — 9 is flat at v € X if Ox, is a flat Og f(,)-module.
We say that f is flat if it is flat at z, for all x € X.
Given J C Ox and K C Oy Ideals of definition with f*(K)Ox C J, by
[B, III, §5.4, Proposition 4] the following are equivalent:
(1) fisflat at z € X
) Oz is a flat Oy ¢(,)-module

(2
(3) (’/)-3; is a flat Og f(;)-module
(4

—

) @ is a flat Oy f(;)-module

Example 3.2. If K is a field and A} = Spec(K[T]) consider the closed
subset X’ = V((T)) C A},. The canonical morphism of completion of Al
along X’
Dl 5 AL
is flat but, the morphisms
Spec(K[T]/(T)") = Aj
are not flat, for every n € N.

Proposition 3.3. (Local flatness criterion for formal schemes) Given an
adic morphism f: X — Q) in NFS, K C Oy, let J = f*(K)Ox C Ox be
Ideals of definition and let {f,: X, — Yo} nen be the morphisms induced by
f and KC. The following assertions are equivalent:

(1) The morphism f is flat.
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(2) The morphism f, is flat, for all m € N.
(3) The morphism fo is flat.

Proof. We may suppose that f : X = Spf(4) — 2 = Spf(B) is in NFS.
Then if £ = K for an ideal of definition K C B, we have that J = (K A)*
and the proposition is a consequence of [AJL1, Lemma 7.1.1] and of the
local flatness criterion for rings (c¢f. [M2, Theorem 22.3]). O

Associated to a (usual) locally noetherian scheme X and a closed sub-
scheme of X’ C X there is a locally noetherian formal scheme X /x, called
completion of X along X’ and, a canonical morphism s : X /xr — X
([EGA I, (10.8.3) and (10.8.5)]). Next, we define the completion of a formal
scheme X along a closed formal subscheme X’ C X.

Definition 3.4. Let X be in NFS and X’ C X a closed formal subscheme
defined by a coherent Ideal Z of Ox. Given an Ideal of definition J of X
We define the completion of a sheaf F on X over X', and it will be denoted
F )z, as the restriction to X’ of the sheaf

T

nen (T +I)MHLFE

The definition does not depend neither on the chosen Ideal of definition J
of X nor on the coherent Ideal Z that defines X'.

We define the completion of X along X', and it will be denoted Xy, as
the topological ringed space whose underlying topological space is X’ and
whose sheaf of topological rings is Ox a0

It is easy to check that X,y satisfies the hypothesis of [EGA 1, (10.6.3)
and (10.6.4)], from which we deduce that:

(1) The formal scheme X,y is locally noetherian.
(2) The Ideal (Z+ J) /2 C Ox,,, defined by the restriction to X’ of the
sheaf
. (J+7)
lim ————~
is an Ideal of definition of X /.
(3) It holds that Ox,,,/((Z + J)x)"T agrees with the restriction to
X' of the sheaf Ox/(J + I)"*L.

3.5. With the above notations, if Z, = (X', Ox/(J + Z)"*?) for all n € N,
by 1.1 we have that
Xy = lm Z,
neN
For each n € N, let X,, = (X,0%x/J"") and X! = (X', Ox/(T"" + I)).
The canonical morphisms
Ox Ox Ox
jn+1 (._7 + I)n+1 jn+1 +7
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provide the closed immersions of schemes X, In, Z, = X,, foralln € N
such that the following diagrams are commutative:

X! 2z, X,
X, oz, X,
for all m > n > 0. Then by 1.1 we have the canonical morphisms in NFS
¥LxeSx

where j is a closed immersion (see 1.5). The morphism x as topological map
is the inclusion and it is called morphism of completion of X along X'.

Remark. Observe that k is adic only if Z is contained in a Ideal of definition
of X, in which case X = X, and r = 1x.

3.6. If X = Spf(A) is in NFS,f with A a J-adic noetherian ring, and X' =
Spf(A/I) is a closed formal scheme of X, then

. A ~

-~

and from [EGA T, (10.2.2) and (10.4.6)] we have that X, = Spf(A) and the

morphisms X’ Lx /%! Z, X correspond to the natural continuous morphisms
A-AA /1.

Proposition 3.7. Given X in NFS and X' a closed formal subscheme of X,
the morphism of completion k : X3 — X 1s a pseudo closed immersion and
étale (and therefore, from [AJP, Proposition 4.8], it is flat).

Proof. With the notations of 3.5 we have that

k= lim k,.
i
neN

Since K, is a closed immersion for all n € N, it follows that « is a pseudo
closed immersion. In order to prove that x is an étale morphism we may
suppose that X = Spf(A) and X’ = Spf(A/I), where A is a J-adic noetherian
ring. Note that X,y = Spf(g) where A is the completion of A for the (J+1)-
adic topology and, therefore, is étale over A. By [AJP, 2.2], k is an étale

morphism. [l

Remark. In Theorem 7.5 we will see that the converse holds: every flat
pseudo closed immersion is a morphism of completion.

3.8. Given f : X — 9 in NFS, let X’ C X and 9’ C 9 be closed formal
subschemes given by Ideals 7 C Ox and £ C Og such that f*(£)Ox C T,
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that is, f(X') C Q. If J C Ox and K C Oy are Ideals of definition of X
and 9), respectively, such that f*(K)Ox C J. Let us denote for all n € N

X, = (:{a O%/jn+1)> Y, = (@7 OQ,J/ICR-H)’
Zn = (X,02/(T +T)"), W, = (2, 09/ (K + L))
X5, = (¥,02/(T" + 1)) Yy = (2, 0x/(K" + L)).

Then the morphism f induces the following commutative diagram of locally
noetherian schemes:

In

X, — " vy,

Kin Xm

m
Jn Ly —— Wi,

for all m > n > 0. Note that

/ . /
ff= lim f,
neN

is the restriction f|y: X' — 9'. Applying the direct limit over n € N we
obtain a morphism

f: x/x/ — QJ/QJ/

in NFS, such that the following diagram is commutative:
I D)
|-l
%l f|%’ m/

We will call fthe completion of f along X' and Q)’.

3.9. Suppose that f : X = Spf(A) — P = Spf(B) is in NFS,s and that
X' = Spf(A/I) and " = Spf(B/L) with LA CI. If J C Aand K C B
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are Ideals of definition such that KA C J, the morphism f: Xx — )y
corresponds to the morphism induced by B — A

B— A
(¢f. [EGA 1, (10.4.6)]) where A is the completion of A for the (I + J)-adic
topology and B denotes the completion of B for the (K + L)-adic topology.

Proposition 3.10. Given f : X — Q) in NFS, let )’ C Q) be a closed formal
subscheme and X' = f=Y()'). Then,

%/%/ = @/@/ XQJ X.

Proof. We may restrict to the case in which X = Spf(A), P = Spf(B) and
9’ = Spf(B/L) are affine formal schemes and J C A and K C B are
ideals of definition such that KA C J. By hypothesis, X’ = Spf(A/LA), so
X)p = Spf(A) where A is the completion of A for the (J+LA)-adic topology.
On the other hand, 9 /9y = Spf (B) where B denotes the completion of B
for the (K + L)-adic topology and it holds that

B®pA=BRpA=A,
since J + (K + L)A=J+ KA+ LA = J+ LA so we get the result. O

Proposition 3.11. Given f: X — %) in NFS, consider X’ C X and Q' C Q)
closed formal subschemes such that f(X') C Q'

(1) Let P be one of the following properties of morphisms in NFS:

pseudo finite type, pseudo finite, pseudo closed immersion, pseudo
quasi-finite, quasi-covering, flat, separated, radical, smooth,
unramified, étale.

If f satisfies P, then so does f
(2) Moreover, if X' = f~1(2)’), let Q be one of the following properties
of morphisms in NFS:

adic, finite type, finite, closed immersion, smooth adic, unramified
adic, étale adic.

Then, if f satisfies Q, then so does f

Proof. Suppose that f is flat and let us prove that fis flat. The question
is local so we may assume f : X = Spf(4) — 2 = Spf(B) in NFS,
X' = Spf(A/I) and 9’ = Spf(B/L) with LA C I. Let J C Aand K C B be
ideals of definition such that KA C J and, A and B the completions of A
and B for the topologies given by (I+.J) C A and (K +L) C B, respectively.
By [B, III, §5.4, Proposition 4] we have that the morphism E — A is flat
and, from 3.9 and [AJL1, Lemma 7.1.1] there results that £ is flat.
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Suppose that f satisfies any of the other properties P and let us prove
that f inherits it, using the commutativity of the diagram

x99

|-
X/x/ _)SD/QJ’

where the vertical arrows are morphisms of completion. Since all of this
properties P are stable under composition and a morphism of completion
satisfies P (Proposition 3.7) we have that P holds for fox =Ko f. I Pis
smooth, unramified or étale the result is inmediate from [AJP, Proposition
2.13).

If P is any of the other properties, then closed inmersions verify P and
P is stable under composition and under base-change in NFS. Therefore,
since ' o f has P and «’ is separated (Proposition 3.7), by the analogous
argument in NFS to the one in Sch [EGA I, (5.2.7), i), i) = iii)] we get
that falso satisfies P.

Finally, if f is adic, from Proposition 3.10 and from [AJP, 1.3], we deduce

that f is adic. Then, if Q is any of the properties in statement (2) and f
satisfies Q, by (1) so does f. O

4. UNRAMIFIED MORPHISMS

Let f : X — ) be a morphism of locally noetherian formal schemes.
Given J C Ox and K C Og Ideals of definition such that f*(K)Ox C J,

let us express f as a limit

neN

We begin relating the unramified character of f : X — 9 and that of the
underlying ordinary scheme morphisms {fy, }nen.

Proposition 4.1. With the previous notations, the morphism f is unram-
ified if, and only if, fn : Xn — Y, is unramified, for all n € N.

Proof. Applying [AJP, Proposition 4.6] we have to show that ﬁég 9 = 0 is
equivalent to Qili(n/yn =0, foralln e N . If ﬁée/% = 0, by the Second
Fundamental Exact Sequence ([AJP, Proposition 3.13]) for the morphisms

X, —xL 9,

we have that Q;n /9= 0, for all n € N. From the First Fundamental Exact
Sequence ([AJP, Proposition 3.10]) associated to the morphisms

X, Iy, 9,



LOCAL STRUCTURE THEOREMS FOR SMOOTH MAPS OF FORMAL SCHEMES 19

there results that Q1 = 0. The converse follows from the identification

Xn/Yn

Al . 1

Qy/p = lim Qy
neN

(cfr. [AJP, §1.9] ). O

Corollary 4.2. Let f : X — Q) be a morphism in NFS and let 7 C Ox
and K C Og be Ideals of definition such that f*(K)Ox C J. If the induced

morphisms fn 1 Xy, — Yy, are immersions for alln € N, then f is unramified.

In the class of adic morphisms in NFS the following proposition provides
a criterion, stronger than the last result, to determine when a morphism f
is unramified.

Proposition 4.3. Let f : X — ) be an adic morphism in NFS and KL C Oy,
an Ideal of definition. Write
[= h_1n> In
neN
by taking Ideals of definition K C Og and J = f*(K)Ox C Ox. The
morphism f is unramified if, and only if, the induced morphism fy : Xg — Y
is unramified.

Proof. If f is unramified by Proposition 4.1 we have that fy is unramified.
Conversely, suppose that fp is unramified and let us prove that (AZ%E /9 = 0.
The question is local so we may assume that f : X = Spf(A) — 9 = Spf(B)
is in NFS,s and that J = J®, with J C A an ideal of definition. By
hypothesis Q%O /Yo = 0 and thus, since f is adic there results that

ol _ 1 _
Then by the equivalence of categories [EGA I, (10.10.2)], the last equality
says that QA/B/JQ}L‘/B = 0. Since A is a J-adic ring it holds that J is

contained in the Jacobson radical of A. Moreover, [AJP, Proposition 3.3]
implies that Q}L‘ /B is a finite type A-module. From Nakayama’s lemma we
deduce that Q}A/B = 0 and therefore, ﬁlx/@ = (ﬁ}q/B)A = 0. Applying [AJP,
Proposition 4.6] it follows that f is unramified. |

The following example illustrates that in the non adic case the analogous
of the last proposition does not hold.

Example 4.4. Let K be a field and p : DL — Spec(K) be the projec-
tion morphism of the formal disc of dimension 1 over Spec(K). By [AJP,
Example 3.14] we have that @}2 = (K [[T]]c/l\T)A and therefore, D} is rami-
fied over K ([AJP, Proposition 4.6]). However, given the ideal of definition
(T') C K[[T]] the induced morphism py = lgyec(k) is unramified.
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Let us consider for a morphism f: X — 2) in NFS the notation established
at the beginning of the section. In view of the example, our next goal will be
to determine when the morphism f such that fy is unramified but f itself is
not necessarily adic, is unramified (Corollary 4.10). In order to do that, we
will need some results that describe the local behavior of unramified mor-
phisms. Next, we provide local characterizations of unramified morphisms
in NFS, generalizing the analogous properties in the category of schemes (cf.
[EGA 1Vy, (17.4.1)]).

Proposition 4.5. Let f : X — Q) be a morphism in NFS of pseudo finite
type. Given x € X and y = f(x) the following conditions are equivalent:

) f is unramified at x.
Ly ) is an unramified k(y)-formal scheme at x.

3 m3€x03€x = my), y(’)ggm and k(x)|k(y) is a finite separable extension.

(1

(2) f

(3)

(4) € an 2/Oyy 0

(4) (Q/p)e =0

(5) 03695 1 a formally unramified O@y-algebm for the adic topologies.
)

(5
Proof. Let J C Ox and K C Oy be Ideals of definition such that f*(K)Ox C

J which allows us to write
[X—-9= h_rn> (fn: Xn — Ya)
neN
(1) & (2) By Proposition 4.1, f is unramified at x if, and only if, all the
morphisms f, : X,, — Y, are unramified at z. Applying [EGA IVy, (17.4.1)],
this is equivalent to f, !(y) being an unramified k(y)-scheme at z, for all
n € N, which is also equivalent to

) = lim fi'(y)

[
1.12 neN

Oxx is a formally unramified (’)g)y—algebm for the adic topologies.

being an unramified k(y)-formal scheme at z.

(1) < (3) The assertion (1) is equivalent to f,, : X,, — Y;, being unramified
at z, for all n € N, and from [EGA IVy, loc. cit.] there results that k(z)|k(y)
is a finite separable extension, and that mx, , = my, ,Ox, ., for all n € N.
Hence,

—_— . . —_—
My Oxy = lim my, ;= lim my, ,Ox, » = my,Ox..
neN neN

(4) & (4) By [AJP, Proposition 3.3] it holds that (ﬁé/@)w is a finite type
Ox z-module and therefore,

Qox /09 .y (Qx/gj)z = (le/@>z ®0yx » Oxa-
Then, since Ox’x is a faithfully flat Oy ,-algebra, QL

N Ox,2/O0p.y
only if, (Q%e/@)gc =0.

= 0 if, and
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(3) = (4) Since k(z)|k(y) is a finite separable extension we have that

Q}{(x)/k(y) :/()\and from [AJP, Proposition 3.3] Qéx,z/om,y = (Q%e/@)gg is a
finite type Ox g -module. Therefore, it holds that

ol Yt _ 0l _
Q0x../0y,, Pz k@) = Lor ooy kw)/kw) = Hr@)/me) =0

By Nakayama’s lemma, Q}%,z/oa_),y = 0.
(4) & (5) It is straightforward from [EGA IVy, (0, 20.7.4)].
(5) & (5') Inmediate.
(4") = (1) Since (AZ;/@ € Coh(X) ([AJP, Proposition 3.3]), assertion (4')
implies that there exists an open subset Y C X with « € 4 such that

(ﬁ%e/@)’u = 0 and therefore, by [AJP, Proposition 4.6] we have that f is
unramified at x. ]

Corollary 4.6. Let f : X — %) be a pseudo finite type morphism in NFS.
The following conditions are equivalent:
(1) f is unramified.
(2) Forallx € X, f~Y(f(x)) is an unramified k(f(x))-formal scheme at
T.
(3) Forallw € X, mz,Ox o = My ¢(:)Ox2 and k(z)|k(f(z)) is a finite
iepamble extension.

(4) Q}Qx’z/om’f@) =0, forallz € X.

(4") For allz € X, (ﬁ;/g))x = 0.
5) For allx € X, Ox, is a formally unramified Og ¢, -algebra for the
: 2, f(x)
adic topologies.
5") For all x € X, Ox . is a formally unramified Ogy ¢, -algebra for the
, 2. f(z)
adic topologies.

Corollary 4.7. Let f : X — ) be a pseudo finite type morphism in NFS.
If f is unramified at © € X, then f is a quasi-covering at x.

Proof. By assertion (3) of Proposition 4.5 we have that
O%,xé\@(?@’f(z)k(f(x)) = k’(.’I})

with k(z)|k(f(x)) a finite extension and therefore, f is a quasi-covering at
x (see Definition 2.8). O

Corollary 4.8. Let f : X — Q) be a pseudo finite type morphism in NFS.
If f is unramified at © € X, then dim, f = 0.

Proof. Tt is straightforward from the previous Corollary and Proposition
2.11. O

Proposition 4.9. Let f : X — ) be a pseudo finite type morphism in NFS.
Given © € X and y = f(x) the following conditions are equivalent:

(1) f is unramified at x
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(2) fo: Xo — Yo is unramified at x and (9/33\30 ®q k(y) = k(x)
<)Y

Proof. If f is unramified at x, then fj is unramified at « (Proposition 4.1).
Moreover, assertion (3) of Proposition 4.5 implies that @ ®0/9ny k(y) =
k(z) so (1) = (2) holds. Let us prove that (2) = (1). Since fy is un-
ramified at x we have that k(z)|k(y) is a finite separable extension (cf.
[EGA IVy, (17.4.1)]). From the equality 5; ®@ k(y) = k(x) we deduce

that mx7x6x: = m@,y@. Thus, the morphism f and the point x satisfy
assertion (3) of Proposition 4.5 and there results that f is unramified at
x. ]

Now we are ready to state the non adic version of Proposition 4.3:

Corollary 4.10. Given f : X — ) a morphism in NFS of pseudo finite type
let 7 C Ox and K C Og be Ideals of definition such that f*(K)Ox C J
and let fo: X — Y be the induced morphism. The following conditions are
equivalent:
(1) The morphism f is unramified.
(2) The morphism fy is unramified and, for all x € X, f~'(y) = f3 *(v)
with y = f(x).

Proof. Suppose that f is unramified and fix x € X and y = f(z). By
Proposition 4.9 we have that fj is unramified and that Ox, ®O/@\ k(y) =
Y

k(z). Therefore, J - (@\x Do k(y)) = 0 and applying Lemma 4.11 we
Y

deduce that f~'(y) = f; '(y). Reciprocally, suppose that (2) holds and let
us show that given xz € X, the morphism f is unramified at z. If y = f(z),
we have that f;'(y) is an unramified k(y)-scheme at z (c¢f. [EGA IV,
(17.4.1)]) and since f~'(y) = f;'(y), from Proposition 4.5 there results
that f is unramified at x. O

Lemma 4.11. Let A be a J-adic noetherian ring such that for all open
prime ideals p C A, J, = 0. Then J = 0 and therefore, the J-adic topology
in A is the discrete topology.

Proof. Since every maximal ideal m C A is open for the J-adic topology, we
have that Jy = 0, for all maximal ideal m C A, so J = 0. O

4.12. As a consequence of Corollary 4.10 there results that:

o If f: X — 2 is an unramified morphism in NFS then f~1(y) is a
usual scheme for all x € X being y = f(x).
e In Corollary 4.6 assertion (2) may be written:
(2) Forallx € X,y = f(x), f~'(y) is a unramified k(y)-scheme at x.

From Proposition 4.5 we obtain the following result, in which we provide
a description of pseudo closed immersions that will be used in the charac-
terization of completion morphisms (Theorem 7.5).
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Corollary 4.13. Given f: X — Q) in NFS, let 7 C Ox and K C Og be
Ideals of definition such that f*(K)Ox C J and that let us express
f= h_1n> In-
neN

The morphism f is a pseudo closed immersion if, and only if, f is unramified
and fo: Xo — Yy is a closed immersion.

Proof. If f is a pseudo closed immersion, by Corollary 4.2 there results that
f is unramified. Reciprocally, suppose that f is unramified and that fy is a
closed immersion and let us show that f, : X,, — Y, is a closed immersion,
for each n € N. By [EGA I, (4.2.2.(ii))] it suffices to prove that, for all
x € X with y = f(z), the morphism Oy, , — Ox,, » is surjective, for all
neN. Fixx e X, y= f(x) € and n € N. Since fj is a closed immersion,
by [EGA I, loc. cit.], we have that Oy, , — Ox, is surjective and there-
fore, Spf (635\,,3) — Spf (@) is a pseudo finite morphism, so, the morphism
Oy, y — Ox,  is finite. On the other hand, the morphism f is unrami-
fied therefore by Proposition 4.1 we get that f,, is unramified and applying
Proposition 4.5 we obtain that my, ,Ox, » = mx, . Then by Nakayama’s
lemma we conclude that Oy, , — Ox,, . is a surjective morphism. O

5. SMOOTH MORPHISMS

The contents of this section can be structured in two parts. In the first
part we study the relationship between the smoothness of a morphism
f= h_m) fn
neN
in NFS and the smoothness of the ordinary scheme morphisms {f,}nen-
In the second part, we provide a local factorization for smooth morphisms
(Proposition 5.9). In this section we also prove in Corollary 5.13 the matrix
Jacobian criterion, that is a useful explicit condition in terms of a matrix
rank for determining whether a closed subscheme of the affine formal space
or of the affine formal disc is smooth or not.

Proposition 5.1. Given f: X — ) in NFS let 7 C Ox and K C Og be
Ideals of definition with f*(K)Ox C J and let us write

= hir{ In-
neN

If fr,: X, — Y, is smooth, for all n € N, then f is smooth.

Proof. By [AJP, Proposition 4.1] we may assume that f is in NFS,¢. Let Z
be an affine scheme, w : Z — ) a morphism, T"— Z a closed 2)-subscheme
given by a square zero Ideal and consider u : T" — X a )-morphism. Since

f and w are morphisms of affine formal schemes we find an integer m > 0
such that w*(K™*t1)0z = 0 and u*(J™)Or = 0 and therefore u and w

factors as T~ X,,, = X and Z =2 Y}, - 9), respectively. Since f,, is
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formally smooth, there exists a Y,,-morphism v,, : Z — X,, such that the
following diagram is commutative

T— 7

Um
Um Wm
fm
Xpm —— Y,
x T 9.

Thus the -morphism v := i, o vy, satisfies that v|p = w and then, f is
formally smooth. Moreover, since fj is a finite type morphism, it holds that
f is of pseudo finite type and therefore, f is smooth. O

Corollary 5.2. Let f : X — ) be an adic morphism in NFS and consider
K C Oy an Ideal of definition. The morphism f is smooth if, and only if,
all the scheme morphisms {fn : Xn — Y }nen, determined by the Ideals of
definition IC C Oy and J = f*(K)Ox%, are smooth.

Proof. If f is adic, by [EGA I, (10.12.2)], we have that for each n € N, the
diagram
X )

Xn L}Yn

f

—_—

is a cartesian square. Then by base-change ([AJP, Proposition 2.9 (2)])
we have that f,, is smooth, for all n € N. The reciprocal follows from the
previous proposition. U

Next example shows us that the reciprocal of Proposition 5.1 does not
hold in general.

Example 5.3. Let K be a field and A}, = Spec(K[T]). Given the closed
subset X = V((T)) C Ak, Proposition 3.7 implies that the canonical com-
pletion morphism
Dy = Ak
of A}{ along X is étale. However, picking in A}( the Ideal of definition 0,
the morphisms
Spec(K[T]/{T)"*") == Aj

are not flat, whence it follows that k,, can not be smooth for all n € N (see
[AJP, Proposition 4.8]).
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Our next goal will be to determine the relation between smoothness of a
morphism
[= hir% In
neN
and that of fy (Corollaries 5.6 and 5.8). In order to do that, we need to
characterize smoothness locally.

Proposition 5.4. Let f : X — ) be a pseudo finite type morphism in NFS.
Given x € X and y = f(z) the following conditions are equivalent:
The morphism f is smooth at x.

(1)
2) Oxx s a formally smooth (’)@y—algebm for the adic topologies.

(

(3) Oxm s a formally smooth O@y algebm for the adic topologies.

(4) The morphism f is flat at x and f~'(y) is a k(y)-formal scheme
smooth at x.

Proof. The question is local and f is of pseudo finite type, so we may
assume that f : X = Spf(A) — 2 = Spf(B) is in NFSys, with A =
B{Ty, ..., T.}[[Z1,...,Zs]]/T and I C B" := B{T\, ..., T.}[[Z1,..., Zs]] an
ideal ([AJP, Proposition 1.7]). Let p C A be the open prime ideal corre-
sponding to x, ¢ C B’ the open prime such that p = q/I and v C B the
open prime ideal corresponding to y.

(1) = (3) Replacing X by a sufficiently small open neighborhood of = we
may suppose that A is a formally smooth B-algebra. Then, by [EGA IV,
(0, 19.3.5)] we have that Ay is a formally smooth B-algebra and [EGA IV,
(0, 19.3.6)] implies that 63; = :4; is a formally smooth 693\3, — B.-algebra.

(2) & (3) It is a consequence of [EGA IV, (0, 19.3.6)].

(3) = (1) By [EGA IVy, (0, 19.3.6)], assertion (3) is equivalent to A, being
a formally smooth B-algebra. Then Zariski’s Jacobian criterion ([AJP,
Proposition 4.14] implies that the morphism of zfl;—modules

—

1 ~
qu — QlBé/Br®B&Ap

is right invertible. Since ;1; is a faithfully flat A, -algebra and the Ay~
module(ﬁ}g,/B ®pr A)qpy is projective (see [AJP, Proposition 4.8]), there
results that the morphism

I .
<12>{ } — Qg5 @5 A) gy
p

is right invertible by [EGA IVy, (0, 19.1.14.(ii))]. From the equivalence of
categories [EGA I, (10.10.2)] we find an open subset 4 C X with x € U such
that the morphism
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is right invertible in . Now, by Zariski’s Jacobian criterion for formal
schemes ([AJP, Corollary 4.15]) it follows that f is smooth in 4l

(3) = (4) By [EGA IVy, (0, 19.3.8)] we have that (’/); is a formally
smooth @—algebra for the topologies given by the maximal ideals. Then it
follows from [EGA IV, (0, 19.7.1)] that Ox., is Og ,-flat and by 3.1, f is flat
at . Moreover from [EGA IVy, (0, 19.3.5)] we deduce that (’)xx g E(y)

is a formally smooth k(y)-algebra for the adic topologies or, equlvalently, by
(3) & (1), f~(y) is a k(y)-formal scheme smooth at x.

(4) = (3) By 3.1 we have that A, is a flat B-module and therefore, there
results that

B/
(5.4.1) O—>£—> 1 Ay

Bk N
tIq tBél tAp

is an exact sequence. On the other hand, since f~!(y ) is a k(y)-formal
scheme smooth at z, from (1) = (2) we deduce that Oxx ®/-\ k(y) is

a formally smooth k(y)-algebra for the adic topologies or, equlvalently by
[EGA 1Vy, (0, 19.3.6)], Ap/tAp is a formally smooth k(t ) algebra for the
adic topologies. Applying Zariski’s Jacobian criterion ([AJP, Proposition
4.14]), we have that the morphism

P

=3 ®8, k(t) = (Upy/p)aCp; Ap B, k(¥)

is right invertible. Now, since (SA)lB/ / p)q is a projective By-module (see [AJP,
Proposition 4.8]) by [EGA 1, (0, 6.7.2)] we obtain that

Lo -
is right invertible. Then, by the Zariski’s Jacobian criterion, Ap is a formally
smooth By-algebra for the adic topologies or, equivalently by [EGA IVy, (0,
19.3.6)], Ay is a formally smooth B.-algebra.

O

Corollary 5.5. Let f : X — Q) be a pseudo finite type morphism in NFS.
The following conditions are equivalent:

(1) The morphism f is smooth.
(2) Forallz € X, Ox4 is a formally smooth Oy r(,)-algebra for the adic

topologies.
(3) Forallz € X, Oz, is a formally smooth Oy f(,)-algebra for the adic
topologies.

(4) The morphism f is flat and f='(f(z)) is a k(f(z))-formal scheme
smooth at x, for all x € X.
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Corollary 5.6. Let f: X — ) be an adic morphism in NFS and K C Oy
an Ideal of definition. Put
[ = h_Hl) In
neN
using the Ideals of definition K C Og and J = f*(K)Ox C Ox. Then, the
morphism f is smooth if, and only if, it is flat and the morphism fy : Xo —
Yy is smooth.

Proof. Since f is adic, the diagram

1.9

|,

Xo Ly,
is a cartesian square ([EGA I, (10.12.2)]). If f is smooth, by base-change
there results that fy is smooth. Moreover by [AJP, Proposition 4.8] we have
that f is flat. Reciprocally, if f is adic, by 1.12, we have that f~'(f(x)) =
fo Y(f(z)), for all z € X. Therefore, since fy is smooth, by base-change
there results that f~1(f(z)) is a k(f(z))-scheme smooth at x, for all z € X
and applying Corollary 5.5 we conclude that f is smooth. O

The upcoming example shows that the last result is not true without
assuming the adic hypothesis for the morphism f.

Example 5.7. Given K a field, let P% be the n-dimensional projective
space and X C P} a closed subscheme that is not smooth over K. If we
denote by (P%),x the completion of P} along X, by Proposition 3.11 we
have that the morphism

n /
(Pf)/x = Spec(K)
is smooth but fp : X — Spec(K) is not smooth.

Corollary 5.8. Given f : X — 2 a morphism in NFS let 7 C Ox and
IC C Og be Ideals of definition such that f*(K)Ox C J and with this choice
let us express
f= h_HI) In-
neN
If f is flat, fo : Xo — Yy is a smooth morphism and f~'(f(z)) = fo_l(f(a:)),
for all x € X, then f is smooth.

Proof. Since fy is smooth and f~1(y) = fal(y) for all y = f(x) with x € X,
we deduce that f~!(y) is a smooth k(y)-scheme. Besides, by hypothesis f
is flat and Corollary 5.5 implies that f is smooth. O

Example 5.7 illustrates that the reciprocal of the last corollary does not
hold.

Every morphism f : X — Y smooth in Sch is locally a composition of
an étale morphism U — Aj, and a projection Ay, — Y. Proposition 5.9
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generalizes this fact for smooth morphisms in NFS. The same result has
already appeared stated in local form in [Y, Proposition 1.11]. We include
it here for completeness.

Proposition 5.9. Let f : X — ) be a pseudo finite type morphism in NFS.
The morphism f is smooth at x € X if, and only if, there exists an open
subset 4L C X with x € W such that f|y factors as

g P
U= A% =9
where g is étale, p is the canonical projection and n = 1rg(§\2}93€ /Oy 1 )).

Proof. As this is a local question, we may assume that f : X = Spf(4) —
2 = Spf(B) is a smooth morphism in NFSys. By [AJP, Proposition 4.8]
and by [EGA I, (10.10.8.6)] we have that 5}4/3 is a projective A-module of
finite type and therefore, if p C A is the open prime ideal corresponding

to x, there exists h € A\ p such that F(@(h),ﬁ%e/@) = ?2114{,1}/3 is a free
Agpy-module of finite type. Put U = Spf(Ay,). Given {c?al, das, . .. ,c?an} a

basis of ﬁi‘{h} /B consider the morphism of 9)-formal schemes

U2 Apy = Spf(B{T1, Ts,..., Tn})
defined by the continuous morphism of topological B-algebras
B{Tl,TQ, ce ,Tn} - A{h}
T; ~a

See [EGA I, (10.2.2) and (10.4.6)]. The morphism g satisfies that f|y = pog.
Moreover, we deduce that g*Q}%g) 9 = Q;e ) (see the definition of g) and by

[AJP, Corollary 4.13] we have that g is étale. O

Corollary 5.10. Let f : X — 2 be a smooth morphism at x € X and
y = f(z). Then

dim, f = Tg(ﬁbx,z/om,y)'

Proof. Put n = rg(ﬁ}ox +/O y) By Proposition 5.9 there exists { C X with

x € U such that f|g factors as U EN A% 2, ) where g is an étale morphism
and p is the canonical projection. Applying [AJP, Proposition 4.8] we have
that f|y and g are flat morphisms and therefore,

dim, f = dimOx;®5—k(y) = dimOz, —dimOy,
— 4 — —
dimy,g = dimOx, ®O@m) k(g(z)) = dimOx, —dim (’)A% (@)

Now, since g is unramified by Corollary 4.8 we have that dim, g = 0 and

therefore dim,, f = dim (’)@w) — dim 6@\31 =n. O
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Proposition 5.11. Let f : X — ) be a morphism of pseudo finite type and
X' < X a closed immersion given by the Ideal T C Ox and put ' = f|x.
If f is smooth at x € X', n = dim,, f and y = f(x) the following conditions
are equivalent:

(1) The morphism f' is smooth at x and dim, f'~'(y) = n —m.

(2) The sequence of Ox-modules

1 Ol Ol

0= 75 = Qz/p @ox O = Qg = 0
is exact® at x and, on a neighborhood of z, the displayed Ox:-Modules
are locally free of ranks m, n and n — m, respectively.

Proof. Since f : X — ) is a smooth morphism at x, replacing X, if necessary,
by a smaller neighborhood of z, we may assume that f : X = Spf(A) —
2 = Spf(B) is a morphism in NFS,¢ smooth at = and that X’ = Spf(A/I).
Therefore, applying [AJP, Proposition 4.8] and Corollary 5.10 we have that
ﬁ;e/@ is a locally free Ox-Module of rank n.

Let us prove that (1) = (2). Replacing, again, if it is necessary X’ by a
smaller neighborhood of z, we may also assume that f': X' — 9) is a smooth
morphism. Then, by an argument along the lines of the previous paragraph,
there results that Q%s’ /9 is a locally free Ox-Module of rank n—m. Zariski’s
Jacobian criterion for formal schemes ([AJP, Corollary 4.15]) implies that
the sequence

0= % = Qg @0 O = Qyjy = 0
is exact and split, from where we deduce that Z/Z2 is a locally free Ox-
Module of rank m.

Reciprocally, applying [EGA I, (0, 5.5.4)] to the Second Fundamental

Exact Sequence ([AJP, Proposition 3.13]) associated to the morphisms X’ —

X ER X, we deduce that there exists an open formal subscheme Y C X’ with
x € 4 such that

. R _
0— <I2> lu = (Qz/q) ®0r O)lu = (Qp oyt = 0

is exact and split. From Zariski’s Jacobian criterion it follows that f’|g is
smooth and therefore, f’ is smooth at x. O

Locally, a pseudo finite type morphism f : X — ) factors as Lo, &

2
2 where j is a closed immersion (see [AJP, Proposition 1.7]). In Corollary
5.13 we provide a criterion in terms a matrix rank that tells whether U is
smooth over ) or not.

2Let (X,0x) be a ringed space. We say that the sequence of Ox-Modules 0 — F —
G — H — 01is exact at x € X if, and only if, 0 — F, — G, — H, — 0 is an exact
sequence of Ox z-modules.
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5.12. Given ) = Spf(A) in NFS,¢ consider X C ]D)f% a closed formal sub-

scheme given by an Ideal Z = I with I = (g1,g2, ..., gr) C A{T}[[Z]]
being T =11, 15, ..., T, and Z = Zy, Zo, ..., Zs two sets of of indetermi-
nates. From [AJP, 3.14] we have that

{dTy, ...,dT,, dZ, ...,dZ,}

is a basis of §,14{T}[[Z]]/A and also that given g € A{T}[[Z]] it holds that:

dg—zgﬁdT +Z 9% 7 dZ

where d is the complete canonical derivation of A{T}[[Z]] over A. For all
g € A{T}][Z]], w E {dTl, . dL,, dZy, .. dZ} and x € X, denote by
g—gj(x) the image of 2 9L € A{T}[[ZH in k(x). We will call

0 0 0 0

8—%(3@) .. 8% (x) 8%11 (x) ... 8%15 (x)

gE(r) . GE) G2 .. GF()
Jacy/p(r) = . : . .

0 19) 1o) o)

T%(x) .. a%’i (x) 8—%’1(3:) . 8%’2 (x)

the Jacobian matriz of X over ) at x. This matrix depends on the chosen
generators of I and therefore, the notation Jacy g(z) is not completely
accurate.

Corollary 5.13. (Jacobian criterion for the affine formal space and the
affine formal disc). With the previous notations, the following assertions
are equivalent:

(1) The morphism f: %X — Q) is smooth at x and dim, f =r + s — .
(2) There exists a subset {g1, ,92, ---, g1} C {91,92, ---, gk} such that
Iy = <gl y 92, - -+, 9l>03€,m and rg(JaCX/@(x)) =1

Proof. Assume (1). By Proposition 5.11 we have that the sequence

z ol ol
0— ﬁ — QDR% /) ®ODK%O}C — Q%/@ —0
is exact at x and the corresponding Ox-Modules are locally free, in a neigh-
borhood of «x, of ranks I, » + s and r 4+ s — [, respectively. Therefore,

(5.13.1) 0 — k(z) — %f\% 2 ®OD§%k(x) — Q319 @0y k(z) = 0

72 ©0x
is an exact sequence of k(x)-vector spaces of dimension [, r + s, r + s — [,
respectively. Thus, there exists a set {g1, g2, ..., 91} € {¢1, 92, - - ., gk} such
that {g1(x), g2(z), ..., gi(x)} provides a basis of Z/I? ®o, k(z) at z. By
Nakayama’s lemma there results that Z, = (91,92, ..., g1)Ox. Besides,
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from the exactness of the sequence (5.13.1) and from the equivalence of
categories [EGA 1, (10.10.2)] we deduce that the set

{dg1(x), dga(x), -, dgi(x)} € Qyiryizyya @arryz) k@)

is linearly independent. Therefore, rg(Jacy g (z)) = I.

Conversely, from the Second Fundamental Exact Sequence associated to
the morphisms X — D3, — 2 [AJP, Proposition 3.13] we get the exact
sequence K

A ~ ~
72 R0, k(z) — Q%D)zgj /9 ®OD1§T k(x) — Q;/QJ ®0, k(z) — 0.
Y

Since rg(Jacy /g (r)) = I, we have that
{dg1(2), ,dga(x), ..., dgi(x)} € Qyiryizn/a @ agyiz) k)

is a linearly independent set. Extending this set to a basis of the vector
space Q}4{T}[[Z]]/A ®aqTy(z] *(*), by Nakayama’s lemma we find a basis

~

BcC Q}4{T}[[Z”/A such that {6791, 392, cee c/l\gl} C B and therefore

{dgr, ,dg2, -, dgi} C Uagryzyya @aryz) ATHIZN/T
is a linearly independent set at x. Thus the set {g1,¢92, ..., g} provides a
basis of Z/Z? at = and by the equivalence of categories [EGA 1, (10.10.2)]
we have that the sequence of Ox-Modules
1 ol ol
is split exact at x of locally free Modules of ranks I, 7 4+ s and r + s — [,

respectively. Applying Proposition 5.11 there results that f is smooth at z
and dim, f=r+s—1. O

Notice that the matrix form of the Jacobian criterion for the affine formal
space and the affine formal disc (Corollary 5.13) generalize the usual matrix
form of the Jacobian criterion for the affine space in Sch ([AIK], Ch. VII,
Theorem (5.14)]).

6. ETALE MORPHISMS

The main part of the results of this section are consequence of that ob-
tained in Sections 4 and 5. These results will allow us to characterize in
Section 7 two important classes of étale morphisms: open immersions and
completion morphisms.

Proposition 6.1. Given f : X — ) in NFS let 7 C Ox and K C Og be
Ideals of definition with f*(IC)Ox C J. Using them, let us write

= hir{ In-
neN

If fn: Xy, — Y, is étale, Vn € N, then f is étale.
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Proof. The sum of Proposition 4.1 and Proposition 5.1. O

Corollary 6.2. Let f: X — 2 be an adic morphism in NFS and K C Oy
an Ideal of definition. Consider { f,}nen the direct system of morphisms of
schemes associated to the Ideals of definition K C Oy and J = f*(K)Ox C
Ox. The morphism f is étale if, and only if, the morphisms fn, : X, — Y
are étale Vn € N.

Proof. Tt follows from Proposition 4.1 and Corollary 5.2. O

Proposition 6.3. Let f : X — %) be an adic morphism in NFS and let fy :
Xo — Yy be the morphism of schemes associated to the Ideals of definition
K C Oy and J = f*(K)Ox C Ox. Then, f is étale if, and only if, f is flat
and fo is étale.

Proof. Put together Proposition 4.3 and Corollary 5.6. ([

Note that example 5.3 on page 24 shows that in the non adic case the last
two results do not hold and also that, in general, the converse of Proposition
6.1 is not true.

Proposition 6.4. Let f be a pseudo finite type morphism in NFS and J C
Ox and IC C Og Ideals of definition such that f*(K)Ox C J and, with this
choice, let us write

f= h_HI) In-
neN

If fo: Xo — Yo is étale, f is flat and f~(f(x)) = fo_l(f(ac)), forallxz € X,
then f is étale.
Proof. 1t follows from Corollary 4.10 and Corollary 5.8. U

Example 5.3 shows that the reciprocal of the last result is not true. Next
Proposition gives us a local characterization of étale morphisms.

Proposition 6.5. Let f : X — Q) be a morphism in NFS of pseudo finite
type, let x € X and y = f(x), the following conditions are equivalent:
(1) f is étale at x.

f is flat and unramified at x.

o~

)
)
3) f is flat at x and f~1(y) is a k(y)-formal scheme étale at x.
)
) «=0.

)

Proof. Applying Proposition 4.5 and Proposition 5.4 we have that
6)= (1)« (2) = (2)e3)=4) < @)

Let C := @@@\ k(y). To show (4) = (5), by Corollary 4.7 it is only left
Y
to prove that f is smooth at x. By hypothesis, we have that f is unramified
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at z and by Proposition 4.5, there results that C' = k(x) and k(z)|k(y) is a
finite separable extension, therefore, formally étale. Since f is flat at x, by
Proposition 5.4 we conclude that f is smooth at .

To prove that (5) = (1), it suffices to check that f is unramified at x or,
equivalently by Proposition 4.5, that C' = k(z) and that k(z)|k(y) is a finite
separable extension. As f is smooth at x, applying Proposition 5.4, we have
that 633\90 is a formally smooth @—algebra for the adic topologies. Then
by base-change there results that C' is a formally smooth k(y)-algebra. By
[EGA IVy, (0, 19.3.8)] we have that C is a formally smooth k(y)-algebra
for the topologies given by the maximal ideals and from [M2, Lemma 1, p.
216] it holds that C' is a regular local ring. Besides, by hypothesis we have
that C is a finite k(y)-module, therefore, an artinian ring, so C = k(x).
Since k(xz) = C' is a formally smooth k(y)-algebra we have that k(x)|k(y) is
a separable extension (cf. [EGA IVy, (0, 19.6.1)]). O

Corollary 6.6. Let f : X — ) be a pseudo finite type morphism in NFS.
The following conditions are equivalent:
(1) f is étale.
(2) For all x € X, Ox, is a formally étale Oy ¢(,)-algebra for the adic
topologies.
(2") For all x € X, 6;,,: is a formally étale (’)/gf\(w)—algebm for the adic
topologies.
(3) For allz € X, f~1(f(x)) is a k(f(x))-formal scheme étale at x and
f is flat.
(4) f is flat and unramified.
(4") f is flat and ﬁ%e/@ = 0.
(5) f is smooth and a quasi-covering.

Example 6.7. Given a field K, the canonical morphism of projection }D)}( —
Spec(K) is smooth, pseudo quasi-finite but it is not étale.

In Sch a morphism is étale if, and only if, it is smooth and quasi-finite.
The previous example shows that in NFS there are smooth and pseudo quasi-
finite morphisms that are not étale. That is why we consider quasi-coverings
in NFS (see Definition 2.8) as the right generalization of quasi-finite mor-
phisms in Sch.

7. STRUCTURE THEOREMS OF THE INFINITESIMAL LIFTING PROPERTIES

We begin with two results that will be used in the proof of the remainder
results of this section.

Proposition 7.1. In NFS let us consider a formally étale morphism f :
X — 92, a morphism g: 6 — ) and L C Og an Ideal of definition of ©.
Let us write with respect to L

6 = lim S,.
—
neN
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If hg : So — X is a morphism in NFS that makes the diagram
Sop —— &

J ]

x— .9

commutative, where Sy — & is the canonical closed immersion, then there
exists a unique YP-morphism 1 : & — X in NFS such that l|s, = ho.

Proof. By induction on n we are going to construct a collection of morphisms
{hy, : Sp — X}nen such that the diagrams

Sn—l

x—1 9

commute. For n = 1, by [AJP, 2.4] there exists a unique morphism h; :
S1 — X such that hi|s, = ho and g|s, = fohi. Let now n € N, if
we already have for all 0 < k < m morphisms hg : S — X such that
hils,_, = hik—1 and g|s, = f o hg, by [AJP, loc. cit.] there exists an unique
morphism hy, : S, — X such that h,ls, , = hn—1 and g|s, = fohy. It is
straightforward that

l:= lim hy
neN

is a morphism of formal schemes and is the unique such that the diagram
Sop — 6
Y
X—73
commutes. O

Corollary 7.2. Let f : X — ) be an étale morphism in NFS and J C
Ox and K C Og Ideals of definition with f*(K)Ox C J such that the
corresponding morphism fy : Xo — Yy is an isomorphism. Then f is an
isomorphism.
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Proof. By Proposition 7.1 there exists a unique morphism ¢ : ) — X such
that the following diagram is commutative

Yo—9
fo_ll
XO g 12)

/,

X—-9
Then, by [AJP, Proposition 2.13] it follows that g is an étale morphism.
Thus, applying Proposition 7.1 we have that there exists an unique mor-
phism f’: X — %) such that the following diagram is commutative

Xo X

f

) —— X.
Necessarily f = f/ and f is a isomorphism. ([l

In Sch open immersions are characterized as being those étale morphisms
that are radical (see [EGA IVy, (17.9.1)]). In the following theorem we
extend this characterization and relate open immersions in formal schemes
with their counterparts in schemes.

Theorem 7.3. Let f : X — ) be a morphism in NFS. The following
conditions are equivalent:

(1) f is an open immersion.

(2) f is adic, flat and if K C Og) an Ideal of definition suchh that J =
f(K)Ox C Ox, the associated morphism of schemes fo : Xg — Yj
1S an open iMmmersion.

(3) f is adic étale and radical.

(4) There are J C Ox and K C Oy Ideals of definition satisfying that
f*(K)Ox C J such that the morphisms f, : X, — Y, are open
immersions, for all n € N.

Proof. The implication (1) = (2) is immediate. Given K C Og an Ideal of
definition, assume (2) and let us show (3). Since fp is an open immersion,
is radical, so, f is radical (see Definition 2.5 and its attached paragraph).
Furthermore, f is flat and fy is an étale morphism then f is étale (see
Proposition 6.3). Let us prove that (3) = (4). Given K C Og an Ideal of
definition and J = f*(K)Ox, by Corollary 6.2 the morphisms f, : X,, — Y,
are étale, for all n € N. The morphisms f,, are also radical for all n € N
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(see Definition 2.5) and thus by [EGA IVy, (17.9.1)] it follows that f, is an
open immersion, for all n € N. Finally, suppose that (4) holds and let us
see that f is an open immersion. With the notations of (4), there exists an
open subset Uy C Yy such that fj factors as

Xo 0 Uy 2 v,

where f{) is an isomorphism and g is the canonical inclusion. Let { C ) be
the open formal subscheme with underlying topological space Uy. Since the
open immersion ¢ : 3 — %) is étale, then Proposition 7.1 implies that there
exists a morphism f’: X — U of formal schemes such that the diagram:

X f,f — 2
\/
by
fo

Uo
is commutative. Since the morphisms f,, are étale, for all n € N, Proposition
6.1 implies that f is étale. By [AJP, Proposition 2.13] we have that f’ is

étale and applying Corollary 7.2, f’ is an isomorphism and therefore, f is
an open immersion. O

Xo Yo

Corollary 7.4. Let f: X — ) be a pseudo finite type morphism in NFS.
Then f is unramified if, and only if, the diagonal morphism Ay: X — Xxg9X
is an open embedding.

Proof. Take J C Ox and K C Og Ideals of definition such that f*(K)Ox C
J and the map f can be expressed as the limit of maps of usual schemes
fn: Xn — Y,. The morphism f: X — ) is unramified if, and only if, f,
is unramified for all n € N by Proposition 4.1. By [EGA IV, Corollaire
(17.4.2)] this is equivalent to Ay, : X,, — X, xy, X, being an open em-
bedding for all n € N. But this, in turn, is equivalent to the fact that
Ay: X — X xg X is an open embedding by Theorem 7.3. (|

Every completion morphism is a pseudo closed immersion that is flat (cf.
Proposition 3.7). Next, we prove that this condition is also sufficient. Thus,
we obtain a criterion to determine whether a 9)-formal scheme X is the
completion of ) along a closed formal subscheme.

Theorem 7.5. Let f: X — 2 be a morphism in NFS and let J C Ox and
IC C Og be Ideals of definition such that f*(K)Ox C J. Let us write fo :
Xo — Yy the corresponding morphism of ordinary schemes. The following
conditions are equivalent:
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(1) There exists a closed formal subscheme )’ C Q) such that X = 2 /9y
and [ is the morphism of completion of ) along 2)'.

(2) The morphism f is a flat pseudo closed immersion.

(3) The morphism f is étale and fo: Xo — Yy is a closed immersion.

(4) The morphism f is a smooth pseudo closed immersion.

Proof. The implication (1) = (2) is Proposition 3.7. Let us show that (2)
= (3). Since f is a pseudo closed immersion, by Corollary 4.13 we have
that f is unramified. Then as f is flat, Corollary 6.6 establishes that f is
étale. The equivalence (3) < (4) is consequence of Corollary 4.13. Finally,
we show that (3) = (1). By hypothesis, the morphism fy : Xog — 9 is
a closed immersion. Consider £ : 9 ,x, — 2 the morphism of completion
of 9 along X, and let us prove that X and 9,x, are 9-isomorphic. By
Proposition 3.7 the morphism & is étale so, applying Proposition 7.1, we
have that there exists a Y-morphism ¢ : X — 9, y, such that the following
diagram is commutative

x ! D)
~,

/Xo
X, fo Y,
\ (y
%00:1)(0 XU
From [AJP, Proposition 2.13] there results that ¢ is étale and then by Corol-
lary 7.2 we get that ¢ is an isomorphism. ([

Remark. A consequence of the proof of (3) = (1) is the following: Given Q)
in NFS and a closed formal subscheme )’ C Q) defined by the Ideal Z C Oy,
then for every Ideal of definition X C Og) of ), it holds that

Dy =Yy
where Y = (9, 0y/(Z + K)).

7.6. Given a scheme Y and a closed subscheme Yy C Y with the same
topological space, the functor X ~» X xy Y defines an equivalence between
the category of étale Y-schemes and the category of étale Yp-schemes by
[EGA IVy, (18.1.2)]. In the next theorem we extend this equivalence to
the category of locally noetherian formal schemes. A special case of this
theorem, namely when %) is smooth over a noetherian ordinary base scheme,
appears in [Y, Proposition 2.4].

Proposition 7.7. Let Q) be in NFS and K C Og) an Ideal of definition such
that

P= lm Y,
neN
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Then the functor

étale adic P-formal schemes L, étale Yo-schemes
X ~ X D)) }/0

is an equivalence of categories.

Proof. By [McL, IV, §4, Theorem 1] it suffices to prove that: (a) F' is full
and faithful; (b) Given X an étale Yj-scheme there exists an étale adic
2-formal scheme X such that F'(X) = X xg Yy = Xp.

The assertion (a) is an immediate consequence of Proposition 7.1.

Let us show (b). Given Xy an étale Yp-scheme in Sch by [EGA IVy,
(18.1.2)] there exists X; a locally noetherian étale Yj-scheme such that
X1 Xy, Yo = Xjp. Reasoning by induction on n € N and using [EGA IVy,
loc. cit.], we get a family {X,, }en such that, for all n € N, X, is a locally
noetherian étale Y;,-scheme and X,, Xy, Y,—1 = X,,—_1, for n > 0. Then

X:= lim X,
neN

is a locally noetherian adic -formal scheme (by [EGA I, (10.12.3.1)]),

X x9 Y = lim (X, xy, Y5) =X
V0 pea T, (10.7.4)] ,;e—% (Xn X, Y0) 0
and X is an étale -formal scheme (see Proposition 6.1). O

Remark. Tt seems plausible that there is a theory of an algebraic fundamental
group for formal schemes that classifies adic étale surjective maps onto a
noetherian formal scheme X. If this is the case, the previous theorem would
imply that it agrees with the fundamental group of Xy. We also consider
feasible the existence of a bigger fundamental group classifying arbitrary
étale surjective maps onto a noetherian formal scheme X, that would give
additional information about X.

Corollary 7.8. Let f : X — 2 be an étale morphism in NFS. Given
J C Ox, and K C Oy Ideals of definition such that f*(K)Ox C J, if the
induced morphism fo: Xo — Yy is étale, then f is adic étale.

Proof. By Proposition 7.7 there is an adic étale morphism f' : X’ — %) in
NFS such that X’ xg Yy = Xg. Therefore by Proposition 7.1 there exists a
morphism of formal schemes g : X — X’ such that the diagram
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is commutative. Applying [AJP, Proposition 2.13] we have that g is étale
and from Corollary 7.2 we deduce that g is an isomorphism and therefore,
f is adic étale. O

Corollary 7.9. Let f: X — ) be a morphism in NFS. The morphism f is
adic étale if, and only if, there exist 7 C Ox and K C Oy Ideals of definition
with f*(K)Ox C J such that the induced morphisms fy, : X, — Y, are étale,
for all n € N.

Proof. If f is adic étale, given K C Og an Ideal of definition, take J =
f*(K)Ox the corresponding Ideal of definition of X. By base change, we have
that the morphisms f,, : X,, — Y,, are étale, for all n € N. The reciprocal is
a consequence of Proposition 6.1 and of the previous Corollary. O

Proposition 7.7 says that given

P= lm ¥,
neN
in NFS and X an étale Yp-scheme there exists a unique (up to isomorphism)
étale P-formal scheme X such that X x9 Yy = Xo. But, what happens when
Xy is a smooth Yj-scheme?

Proposition 7.10. Let ) be in NFS and with respect to an Ideal of defini-
tion KK C Og let us write
P= lm Y,
neN
Given fy : Xo — Yo a morphism in Sch smooth at x € Xy, there exists an

open subset Uy C Xg, with x € Uy and a smooth adic Y-formal scheme L
such that U x g Yo = Up.

Proof. Since this is a local question in ), we may assume that ) = Spf(B)
is in NFSu, K = K2 with K C B an ideal of definition of the adic ring
B, By = B/K and fy : Xo = Spec(Ap) — Yo = Spec(Byp) is a morphism
in Schys smooth at x € Xy. By Proposition 5.9 there exists an open subset
Uy C X with = € Uy such that fy|y, factors as

U L2 A%, = Spec(Bo[T]) 22 Y,

where f} is an étale morphism and pgy is the canonical projection, being
T =T, Ty, ..., T, a set of indeterminates. The morphism pg lifts to a
morphism of projection p : Ay = Spf(B{T}) — 2) such that the following
diagram is cartesian

Ap LEN)!

ko]

Po
Up — Ay, — Y
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Applying Proposition 7.7, there exists a locally noetherian étale adic A%-
formal scheme 4 such that Uy = 4 x Ap, A’;,O. Then Y is an smooth adic
2-formal scheme such that Uy = U x g Yp. U

The next theorem transfers the local description of unramified morphisms
known in the case of schemes ([EGA IVy, (18.4.7)]) to the framework of
formal schemes.

Theorem 7.11. Let f : X — ) be a morphism in NFS unramified at x € X.
Then there exists an open subset $4 C X with x € 3 such that f|g factors as

K et
U—-x —9
where K is a pseudo closed immersion and f' is an adic étale morphism.

Proof. Let J C Ox and K C Oy be Ideals of definition such that f*(K)Ox C
J. The morphism of schemes fy associated to these Ideals is unramified at
x (Proposition 4.1) and by [EGA IVy, (18.4.7)] there exists an open set
Up C X with = € Uy such that fy|y, factors as

Uy % X} LN Yo
where kg is a closed immersion and f} is an étale morphism. Proposition
7.7 implies that there exists an étale adic morphism f’ : X’ — ) in NFS
such that X’ xg Yy = X(. Then if & C X is the open formal scheme with
underlying topological space Uy, by Proposition 7.1 there exists a morphism
k : 4 — X’ such that the following diagram is commutative:

flu

U 2
\ y
x/
Us folug Yy
\ fo
K0 X(/]

Since f is unramified, by [AJP, Proposition 2.13] it holds that x is unram-
ified. Furthermore, kg is a closed immersion, then Corollary 4.13 shows us
that k is a pseudo closed immersion. O

As a consequence of the last result we obtain the following local descrip-
tion for étale morphisms.

Theorem 7.12. Let f: X — Q) be a morphism in NFS étale at x € X. Then
there exists an open subset 4 C X with x € 4 such that f|y factors as

usx g

where k 1s a completion morphism and f’ is an adic étale morphism.
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Proof. By the last theorem we have that there exists an open formal sub-
scheme 4 C X with x € U such that f|g factors as

usx g

where k is a pseudo closed immersion and f’ is an adic étale morphism. Then
since f|y is étale and f’ is an adic étale morphism, by [AJP, Proposition
2.13] we have that k is étale and applying Theorem 7.5 there results that x
is a completion morphism. (Il

Theorem 7.13. Let f: X — 2 be a morphism in NFS smooth at x € X.
Then there exists an open subset $4 C X with x € 3L such that f|g factors as

ulx Loy
where k is a completion morphism and f’ is an adic smooth morphism.

Proof. By Proposition 5.9 there exists an open formal subscheme U C X
with x € U such that f|y factors as

LAY

where g is étale and p is the canonical projection. Applying the last Theorem
to the morphism g we conclude that there exists an open subset 4 C X with
x € U such that fl|y factors as

us g Loy oy

where s is a completion morphism, f” is an adic étale morphism and p
is the canonical projection, from where it follows that f’ = f” o p is adic
smooth. O

Remark. Lipman, Nayak and Sastry note in [LNS, pag. 132] that this Theo-
rem may simplify some developemts related to Cousin complexes and duality
on formal schemes. See the final part of Remark 10.3.10 of loc. cit.
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