BASIC DEFORMATION THEORY OF SMOOTH FORMAL
SCHEMES

MARTA PEREZ RODRIGUEZ

ABSTRACT. We provide the main results of a deformation theory of
smooth formal schemes as defined in [2]. Smoothness is defined by the
local existence of infinitesimal liftings. Our first result is the existence
of an obstruction in a certain Ext! group whose vanishing guarantees
the existence of global liftings of morphisms. Next, given a smooth
morphism fo: X0 — 2o of noetherian formal schemes and a closed im-
mersion Yo — ) given by a square zero ideal Z, we prove that the
set of isomorphism classes of smooth formal schemes lifting X over 9
is classified by Extl(ﬁio/&yn,f(}*l') and that there exists an element in

Ext? (ﬁio/@m f0Z) which vanishes if and only if there exists a smooth
formal scheme lifting X over 2).
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INTRODUCTION

We provide here a further step in the program of the study of infinitesimal
conditions in the category of formal schemes developed, among others, in the
recent papers [2] and [3]. These previous works have systematically studied
the infinitesimal conditions of locally noetherian formal schemes together
with a hypothesis of finiteness, namely, the pseudo finite type condition.
In [2] the fundamental properties of the infinitesimal conditions of usual
schemes are generalized to formal schemes. One of the main tools is the
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sheaf of differentials, which is coherent for a pseudo finite type map of for-
mal schemes. The latter is concentrated on the study of properties that are
noteworthy in the category of formal schemes, obtaining a structure theorem
for smooth morphisms and focusing on the relationship between the infini-
tesimal conditions of a map of formal schemes and those of the underlying
maps of usual schemes. We have to mention that some basics of smooth-
ness of formal schemes have also been studied by Yekutieli in [12] under the
assumption that the base of the map is a usual noetherian scheme, and in
Nayak’s thesis for essentially pseudo finite type maps, whose results have
been included in [10].

This background motivates our interest of obtaining a deformation the-
ory in the context of locally noetherian formal schemes. This needs the
development of a suitable version of the cotangent complex. The problem
is difficult because it involves the use of the derived category of complexes
with coherent cohomology associated to a formal scheme, whose behavior
is not straightforward, as is clear from looking at [1]. We concentrate here
on the case of smooth morphisms —a particular situation that arises quite
often. The problem consists in constructing morphisms that extend a given
morphism over a smooth formal scheme to a base which is an “infinitesimal
neighborhood” of the original. Questions of existence and uniqueness should
be analyzed. We want to express the answer via cohomological invariants
that are explicitly computed using the Cech complex. Another group of
questions that we treat are the construction of formal schemes over an in-
finitesimal neighborhood of the base lifting a given relative formal scheme.
The existence of such lifting will be controlled by an element belonging to
a 2"%order cohomology group. We prefer to use the more down-to-earth
Cech view point, which has the minor drawback of requiring separateness,
but which suffices for a large class of applications. Although our exposition
generalizes the well-known analogous statements for smooth schemes (cf. [7,
IT1] and [4, VIL,§1]), we have not been able to deduce from them, even in
the case of a map of formal schemes such that the underlying morphisms of
usual schemes are all smooth (see [3]). For our argument, we require main
results related to smoothness of formal schemes such as the universal prop-
erty of the module of differentials ([2, Theorem 3.5]), some lifting property
([2, Proposition 2.3]) and the matrix Jacobian criterion for the affine formal
disc ([3, Corollary 5.13]). We expect that our results would be applied to
the cohomological study of singular varieties.

Let us describe briefly the organization of this paper. The first section
deals with preliminary material, pointing to precise references in the litera-
ture. The second treats the case of global lifting of smooth morphisms. We
prove that the obstruction to the existence of a global lifting lies in a H!
group.

The setup for the remaining sections is a smooth morphism fo: Xo — Qo
of noetherian formal schemes and a closed immersion )y — ) given by a
square zero ideal Z. We deal first with the uniqueness of a lifting of smooth
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formal schemes. We prove that the set of isomorphism classes lifting X over
9) is classified by H! (X0, Homo,, (ﬁ&o/%, f3Z)), in the sense that they form
an affine space over this module. In the last section we study the existence
of liftings of smooth formal schemes. There exists an obstruction, lying in
H2 (X0, Homoy, (@;0 Do’ f3Z)), whose vanishing characterizes the existence
of a smooth formal scheme lifting X over ).

All the results in Sections 2, 3 and 4 generalize the corresponding results
in the category of schemes. We have followed the outline for this case given
in [9, p. 111-113)].

Acknowledgments. I thank Leo Alonso Tarrio and Ana Jeremias Lépez for
generous help in the elaboration of this paper and for wholehearted support.
I am also grateful to the Mathematics Department of Purdue University for
its hospitality and support.

The diagrams were typeset with Paul Taylor’s diagrams.tex.

1. PRELIMINARIES

We denote by NFS the category of locally noetherian formal schemes
together with morphisms of formal schemes. The affine noetherian formal
schemes are a full subcategory of NFS, denoted NFS4.

We assume the basics of the theory of formal schemes as explained in [6,
§10]. Also, this work rests on the theory of smoothness in NFS as studied
in the papers [2] and [3].

1.1. Let X be in NFS. If Z C Ox is a coherent ideal, X’ the corresponding
closed subset and (X', (Ox/Z)|x) the induced formal scheme on it, then we
say that X’ is the closed (formal) subscheme of X defined by Z. A morphism
f:3 — X is a closed immersion if there exists a closed subset ) C X such
that f factors as 3 2 9) < X where g is a isomorphism [6, §10.14.].

1.2. Given f : X — 9) a morphism in NFS and K C Oy an ideal of definition,
there exists an ideal of definition J C Oz such that f*(K)Ox C J (see
[6, (10.5.4) and (10.6.10)]). The map f induces the morphism of locally
noetherian (usual) schemes fo: (X,0%/J) — (9, 09/K) (see [6, (10.5.6)]).
The morphism f is of pseudo finite type [1, p. 7] (separated [6, §10.15] and
[1, 1.2.2]) if for any such pair of ideals the induced morphism of schemes,
fo, is of finite type (separated). A morphism f : X — 9 is of finite type if
it is adic and of pseudo finite type [6, (10.13.1)].
1.3. A morphism f : X — 2 in NFS is smooth (unramified, étale) [2, Def-
inition 2.1 and Definition 2.6] if it is of pseudo finite type and satisfies the
following lifting condition:

For all affine Y-schemes Z and for each closed subscheme T — Z given
by a square zero ideal I C Oy, the induced map

Homg)(Z, X) — Homg)(T, X)

is surjective (injective, bijective; respectively).
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1.4. Given f : X — ) in NFS the differential pair of X over?), ( X/’ dx/@)

via dA/B

is locally given by <(§}4/B)A,Ou = AA (Q,lcl/B)A for all open

subsets 4 = Spf(A) € X and U = Spf(B) C P with f(U) C V. The
Ox-module QX/Q) is called the module of 1-differentials of X over %) and the

continuous J)-derivation cjx/@ is called the canonical derivation of X over 9).
The basic properties of the differential pair in NFS are treated, for instance,
in [2, §3].

1.5. Let 9 = Spf(A) be in NFSy¢, T=T1, Ts, ..., T, and Z = Z3, Zo, ...,
Z finite numbers of indeterminates and ]D)f“QJ = Spf(A{T}[[Z]]) (¢f. [2, Ex-

ample 1.6]). Then Ql /@ (QL{T}[[ZH/A)A and in [2, 3.14] it is shown that

@1 (Ty(z)a 1 @ free A{T}[[ -module, with basis {dT}, ...,dT,, dZi, ...,

dZs} where d = dsqry(z))/4- Furthermore, given g € A{T}[[Z]] it holds
that:

dg—zgjng +Zagd2

1.6. Given f : X = Spf(A) — 2 = Spf(B) a morphism in NFS,¢ of pseudo
finite type, there exists a factorization of f as

x = Spf(4) < Dy, = Spf(B{T}[1Z))) % D = Spt(B)

with j a closed immersion given by an ideal 7 = I® C OD& where I =

Y
(91,92,--.,9x) C B{T}[[Z]] and p the natural projection ([2, Proposition
1.7]). The Jacobian matriz of X over Q) at x ([3, 5.12]) is defined as

0, o] o] le]
T%(x) .. a% (z) Tg(x) 8%15 (z)
0, o] o] le]
%(x) . a%’; (x) %(w) . 8%‘2 (x)
where for v € {T1,..., T, Z1,...,Zs}, %fj (z) denotes the image of % €

B{T}||Z]] in k(z), for all i = 1,2, .. k.

1.7. We will use the calculus of Cech cohomology, which forces to impose the
separation hypothesis each time we will need cohomology of degree greater
than or equal to 2. Moreover, in that context the Cech cohomology agrees
with the (usual) derived functor cohomology. This follows from [8, Ch. III,
Exercise 4.11] in view of [1, Corollary 3.1.8].
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2. LIFTING OF MORPHISMS

2.1. Consider a commutative diagram of morphisms of pseudo finite type
in NFS

30Ci—>3

(2.1.1) UOJ l
Y
X—9

where 3¢ < 3 is a closed formal subscheme given by a square zero ideal
Z C O3. A morphism u : 3 — X is a lifting of up over 2 if it makes this
diagram commutative. For instance, if f is étale, then for all such morphisms
up, there always exists a unique lifting by [2, Corollary 2.5].

So the basic question is: When can we guarantee uniqueness and ex-
istence of a lifting for a 2)-morphism wug : 30 — X? In 2.2 it is shown
that if Homo‘,)o(u[’;ﬁée/@,I) = 0, then the lifting is unique. Proposition
2.3 establig\hes that, whenever f is smooth, there exists an obstruction in
Exté30 (u(’;Q%E/QJ,I) to the existence of such a lifting.

Observe that in the diagram above, i: 39 — 3 is the identity as topo-
logical map and, therefore, we may identify i,O3, = O3,. Through this
identification we have that the ideal Z is a O3,-module and 7 = i, 7.

2.2. Let us continue to consider the situation depicted in diagram (2.1.1).
If there exists a lifting u: 3 — X of ug over ), then we claim that the set of
liftings of ug over ) is an affine space via

Homo, (ﬁ;/@, up,Z) = Homo, (uaﬁé/&n, 7).

Indeed, up+«Z = u,Z and in view of this identification, from [5, (0, 20.1.1), (O,
20.3.1) and (0, 20.3.2)] we deduce that if v : 3 — X is another lifting of ug

over ), the morphism Ox M up«Z is a continuous )-derivation. By [2,
Lemma 3.6 and Theorem 3.5], there exists a unique morphism of Ox-modules
¢: Qéﬁ/ig — wugpxZ such that ¢ o Ex/@ = u? — v!. On the other hand, given
a morphism of Ox-modules ¢ : (AZ;/@ — ugyZ, the map vf :=uf + ¢ o Ex/@
defines another morphism v: 3 — X that is a lifting of .

Moreover, given r: X — X’ a 9)-morphism of pseudo finite type in NFS
induces a morphism of Ox-Modules r*ﬁ%e/ /9 ﬁ%e /9 which is compatible
with the canonical derivation (cf. [2, Proposition 3.7]). Therefore, any lifting
of ug over ) leads to a lifting of r o ug over ) preserving compatibility with
the natural map Homo, (USQQ/Q,I) — Homo, (uﬁr*ﬁ&,/m,I).

Remark. Using the language of torsor theory 2.2 says that the sheaf on 3¢
which associates to the open subset Uy C 3¢ the set of liftings U4 — X of
uply, over P —where U C 3 is the open subset corresponding to LUy— is a

pseudo torsor over Homo30 (uéﬁ%€ /QJ,I ) which is functorial on X.
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When can we guarantee for a diagram like (2.1.1) the existence of a lifting
of ug over 97 In [2, Proposition 2.3] we have shown that if f is smooth and
3 is in NFS,¢, then there exists lifting of ug over ). So, the issue amounts
to patching local data to obtain global data.

Proposition 2.3. Consider the commutative diagram (2.1.1) where f : X —
) is a smooth morphism. Then there exists an element (usually called the
obstruction) ¢,, € EXt}QBO (uz‘)ﬁ%{/@,f) such that: c,, = 0 if and only if there
exists u: 3 — X a lifting of ug over %).

Proof. Let {4 }acr be an affine open covering of 3 and Ue = {4y 0}acr the
corresponding affine open covering of 3¢ such that, for all a, Yy 0 — U, is
a closed immersion in NFS,¢ given by the square zero ideal Z|y, . Since f is
a smooth morphism, [2, Proposition 2.3] implies that for all « there exists
a lifting vy : Yo — X of ugly,, over Y. For all couples of indexes o, (8
such that .3 = U, NUg # &, if we denote by U,z the corresponding
open formal subscheme of 3, froAm 2.2 we have that there exists a unique
morphism of Ox-modules ¢, : Q%e/@ — (uols,40)x(Zlst,5,) such that the
following diagram

dy ~

(Valuyg) = (vsly,, )”l
8 ) .

(uo‘uaﬂ,o)*(zmaﬁ,o)
commutes. Let ugﬁé/@\%ﬁ’o — Ty, be the morphism of Oy, -modules
adjoint to @3, which we continue to denote by ¢,5. The family of mor-

phisms ¢y, := (¢o3) satisfies the cocycle condition; that is, for any «, 3, v
such that .35, := a0 N g o Ny 0 # I, we have that

(2'3'1) ¢aﬁ|ﬂa57,o - ¢O¢W’ﬂaﬁy,o + ¢57‘ﬂam,o =0
S0, ¢y, € Zl(il.,Hom@30 (uéﬁé/m,I)). Moreover, its class

.1 A

[(Z)il.] eH (u07H0m030 (UOQ;/@aI))
does not depend on the liftings {v4}aecr. Indeed, for all arbitrary o € L,
let wy : Uy — X be a lifting of wugly, , over Y and let vy, = (Yap) €
Zl(ﬂ., Homo,, (u(‘;ﬁ%{/@, 7)) be the corresponding cocycle defined as above.

By 2.2 there exists a unique &, € Homx(ﬁég/@, (uols1, 0)(Z]s14,0)) such that

vg — wﬁa =£,0 Jx/@. Then for all couples of indexes a, 8 such that U,z # @

we have that Va5 = ¢ap + &alu.s — Ealu,,- In other words, the cocycles
Py, and ¢y, differ by a coboundary from which we conclude that [¢pg,] =
[Ys.] € ﬁl(ﬂ.,HomOSO(u(’;ﬁé{/@,I)). With an analogous argument it is
possible to prove that, given a refinement U, of e, we have [dy,] = [pw,] €
ﬁl(Bo,HomOBO(uE‘)@%ﬁ@,I)).
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We define:

.1 P
Cug = [¢ﬂo] €H (30,7‘[077%(930 (UOQQ/Q)’I)) =
H' (30, Homos, (15 /9, L))

([11, (5.4.15)))

Since f is smooth, [2, Proposition 4.8] implies that ﬁ; /g is a locally free
Ox-module of finite rank, so,

Cug € H1(30,H0m030 (uSle/@,I)) = Extl(usﬂlx/@az).

The element ¢,, is the obstruction to the existence of a lifting of wg.
If up admits a lifting then it is clear that ¢,, = 0. Reciprocally, suppose
that ¢,, = 0. From the family of morphisms {v,}acr, we are going to
construct a collection of liftings {uq : Ua — X}aer of {uols, o tacr over P
that will patch into a morphism w : 3 — X. By hypothesis, there exists
{¢atacL € Co(il., Homoj, (u(ﬁﬁ%{/gyI)) such that for all couples of indexes
a, B with .5 # 9,

(2.3.2) Palsles = PBlites = Pap

For all a € L, let u, : Uy — X be the morphism that agrees with U0|Lla,0 as
a topological map and is given by

UE; = U(ﬁl — Pa © dx/@

as a map of topologically ringed spaces. By 2.2 we have that u,, is a lifting of
gy, o, over 2 for all a, and from (2.3.2) and (2.3.1) (for v = 3) we deduce
that the morphisms {uq }aer glue into a morphism v : 3 — X. O

2.4. Let r: X — X’ be a Q-morphism of pseudo finite type in NFS. From 2.2
and the last proof it follows that the obstruction ¢, leads to the obstruction

Crou, through the natural map Ethso (ugﬁém,l) — Ext%gso (ugr*ﬁé//@,l').

3. LIFTING OF SMOOTH FORMAL SCHEMES: UNIQUENESS

Given a smooth morphism fy : X9 — 2)o and a closed immersion 2)y —
) defined by a square zero ideal Z, one can pose the following question:
Suppose that there exists a smooth 9)-formal scheme X such that X x92)o =
Xo. When is X unique? We will answer it in the present section. It follows
from Proposition 3.5 that if Extl(Qéeo/%, 0Z) = 0, then X is unique up to
isomorphism.

3.1. Assume that fy : X9 — 2o is a smooth morphism and i: 9y — ) a
closed immersion given by a square zero ideal Z C Og), hence, Py and Q) have
the same underlying topological space. If there exists a smooth morphism
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f X — 9 in NFS such that the diagram
%) 2 9,

(3.1.1) jf f

)

is cartesian we will say that f : X — ) is a smooth lifting of Xo over 9).

Observe that, since f is flat ([2, Proposition 4.8]), then j: Xop — X is a
closed immersion given (up to isomorphism) by the square zero ideal f*Z.
The sheaf 7 is an Ogy,-module in a natural way, f*7 is a Ox,-module and
it is clear that f*7 agrees with f;Z as an Ox,-module.

3.2. Denote by Auty,(X) the group of -automorphisms of X that induce
the identity on Xy. In particular, we have that 1x € Autx,(X) and, there-

fore, by 2.2 there exists a bijection Autx,(¥)= Homo, (Q%e/gy J«f3Z) defined
using the map g € Auty, (X) ~ g* — 1g€ € Derconty(Ox, j« f5I).

3.3. If Xy is in NFS,r and %o <> %' L5 9 is another smooth lifting of %o
over 9), then there exists a 9)-isomorphism ¢ : X = X’ such that g|x, = j'.
Indeed, by Proposition 2.3 and [1, Corollary 3.1.8] there are morphisms
g: X — X', ¢ : X' — X such that the following diagram is commutative:

%Ocj—yf

r I
X —9
From 2.2 and 3.2 it is easy to deduce that ¢’ o g € Auty,(X), go g €
Auty, (X'), therefore ¢ is an isomorphism.

3.4. In the setting of 3.3, the set of -isomorphisms of X onto X’ that make
commutative the diagram ii an affine space over Homog€0 (Q;&) /907 f5Z) (or,
equivalently over Hom@x,(Q%E, /9 Jf3Z), by adjunction). Indeed, assume

that g : X — X’ and h : X — X’ are two such 2)-isomorphisms. From 2.2
there exists a unique homomorphism of Oy -modules ¢ : Q;, 9 T

such that ¢ — hf = ¢o Jx//@. Reciprocally, if

¢ S HOII](’)XO (ﬁlxo/gov fgI) = Homox/(ﬁ,}{//gajif(}kz)
and g : X — X' is a 9-isomorphism with g|x, = j/, the Y-morphism h :
X — X' defined by hf = ¢ + p o dy /2, which as topological space map is
the identity, is an isomorphism. Indeed, using 2.2 and 3.2 it follows that
hog=t € Auty,(X') and g~toh € Auty, (X), therefore h is an isomorphism.

Proposition 3.5. Let Yo — ) be a closed immersion in NFS defined by
a square zero ideal T C Ogy and fo : Xo — Yo a smooth morphism in NFS
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and suppose that there exists a smooth lifting of Xo over ). Then the set of
isomorphism classes of smooth liftings of Xo over Q) is an affine space over
101

Ext (on/@t)’ 0Z).

Proof. Let Xy < x EA ) and X < ¥ ER ) be two smooth liftings over
2. Given an affine open covering e = {Hs0}acr of Xo, let {Hy}aer and
{4/ }ocr be the corresponding affine open coverings of X and X', respectively.
From 3.3, for each o € L there exists an isomorphism of )-formal schemes
Ug : Uy — U, such that the following diagram

is commutative. By 3.4, for all couples of indexes «, 3 such that U,z :=

UaoNUgo # T, if Upg := Uy NUg the difference between u(ﬁl]uaﬁ and uﬁﬁmaﬁ

is measured by a homomorphism of Oy, ,-modules ¢qp : (AZ;O /%\ Yapo
* =1 o) *

property that for all a, 3, v such that U,g0 := U0 NUg 0 N, 0 # J, the
cocycle condition

(3.5.1) Papllsy o — Parlttsy.o + Povlttas,o =0

holds and, therefore, ¢y, € Zl(Ll.,’Homoxo (Q&O/%, 0Z)). The homology
class of the element

-1 pay *
Cyfy = [(Z)u.] cH (il.,'Homoxo (leo/@07f01))

does not depend on the choice of the isomorphisms {uq }acr. Indeed, con-
sider another collection of 2)-isomorphisms {v, : Uy — U, Yaer such that,
for all @ € L, va 0 jluyo = J'lun, and let vy, := {1as} be the cor-

responding element in Zl(ﬂ.,Homoxo(Q%&)/%,f[’)"I)) defined in the same
way as ¢y, from {ug}ecr. Using 3.4 we obtain a collection {{,}acr €
Co(ﬂ.,Hom@xo ((AZ%O/%, f3Z)) satistying that, for all a € L, their a(%J\'oints
(for which we will use the same notation) are such that ug —va = §aodgy /),

therefore, [py,] = [u,] € H' (e, Homoy, (U, jo» FT)). If Do is an affine
open refinement of ,, by what we have already seen, we deduce that
cy, = ¢, - Let us define

¢ = [pu,] € I (Xo, Homoy, (Qk, g0 F0T)) =
([11, (5.4.15)]) = H'(Xo, Homoy, (U, > £3))
= Ext! (@, g, /i)
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Conversely, let f: X — 9 be a smooth lifting of Xy and consider ¢ €
Ext! ( Xo/20°10L)- Given Us = {8la0}aer an affine open covering of Xo,
take {{y}acr the corresponding affine open covering in X and

bu, = (Dap) € Z' (te, Homoy, (U, /oy, f67))
such that ¢ = [¢y,]. For each couple of indexes «, [ such that i,3 =
Us NUg # @, let us consider the morphism uaﬁ HUop — Uqp which is the
identity as topological map and is defined by u? af ‘= 1jj 5T $ap © duaﬁ/@,
as a map of topologlcally ringed spaces, where again qzﬁag denotes also its
adjoint ¢ag: Qua /9 — (J«f3T)|st, 5, such that the following hold:

® uag € Auty,,  (HUapg) (by 3.2);

° Uaﬁ|ilam o ua_’“ﬂaﬁ»\/ ) u57|uaﬁ7 = ly,,,, for any «, 3, v such that
Uapy = Ug NUg N LU, # @ (because {¢pp3} satisfies the cocycle
condition (3.5.1));

® Uy = g, and u;[_lj = UBq-

Then the 9-formal schemes i, glue into a smooth lifting f': X’ — Q) of Xy
through the morphisms {uqs}, since the morphism f : X — 9) is compatible
with the family of isomorphisms {uqgs}.

We leave the verification that these correspondences are mutually inverse
to the reader. O

Remark. Proposition 3.5 can be rephrased in the language of torsor theory
as follows: The sheaf on X that associates to each open Uy C Xy the set of
1somorphlsm classes of smooth liftings of Ly over ) is a pseudo torsor over

Ext! (L oy, 3T)-

Remark. With the hypothesis of Proposition 3.5, if X is in NFS,¢, we have
that H!(%o, Homo,, (Q;O/%, 0Z)) =0 (cf. [1, Corollary 3.1.8]) and, there-
fore, there exists a unique isomorphism class of liftings of Xy over 9).

4. LIFTING OF SMOOTH FORMAL SCHEMES: EXISTENCE

We continue considering the set-up of the previous section, namely, a
smooth morphism fy : X9 — Qo and a closed immersion )y — P defined
by a square zero ideal Z. Let us pose the following question: Does there
exist a smooth 9)-formal scheme X such that it holds that X xg 9o = Xo?
We will give the following local answer: for all x € Xy there exists an open
Uy C Xg with x € Uy and a locally noetherian smooth formal scheme 4 over
2 such that g = U xg9 Yo (see Proposition 4.1). Globally, Theorem 4.2

provides an element in Ext? ( Xo/20° f3Z) whose vanishing is equivalent to

the existence of such an X. In particular, whenever Xy is in NFS,¢ Corollary
4.3 asserts the existence of X.

Proposition 4.1. Let us consider in NFS a closed immersion ) — ) and
a smooth morphism f': X' — ). For all points x € X' there exists an open
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subset W' C X" with x € W' and a locally noetherian formal scheme Y smooth
over ) such that W = U x9 Q'

Proof. Since it is a local question we may assume that the morphisms )’ =
Spf(B’) — 9 = Spf(B) and f': X' = Spf(A’) — ' = Spf(B’) are in NFSy¢
and that there exist 7, s € N such that the morphism f’ factors as

X' = Spf(4) = Dj, = Spf(B{T}([Z])) & 9 = Spt(B),

where X’ — D, is a closed subscheme given by an ideal 7' = (I')® C Ops, ,
Pl 9/

with I’ C B'{T}|[|Z]] an ideal, and p’ is the canonical projection (see 1.6).
Fix x € X'. As f’ is smooth, by the matrix Jacobian criterion for the affine
formal space and the affine formal disc ([3, Corollary 5.13]), we have that

there exists {¢/, g5, ..., g;} C I’ such that:

(4.1.1) (91, 95 -+, 9)Oxz =1,  and rg(Jacy sy (z)) =1
Replacing, if necessary, X’ by a smaller affine open neighborhood of z we
may assume that I’ = (g}, g5, ..., g;). Let {g1, g2, ..., i} C B{T}[Z]]

be such that g; € B{T}[[Z]] ~ ¢, € B'{T}[[Z]] through the continuous
homomorphism of rings B{T}[[Z]] - B’{T}|[[Z]] induced by B — B’. Put
I:= (g1, 92, - .., qi) C B{T}[[Z]] and X := Spf(B{T}[[Z]]/I). It holds that
X' C X is a closed subscheme and that in the diagram

%%DX% L .9

L 1]

/ P /
¥ ——Dj, L9

the squares are cartesian. From (4.1.1) we deduce that rg(Jacy/g(z)) = I
and, applying the Jacobian criterion for the affine formal space and the affine
formal disc, it follows that X — ) is smooth at x € X. To finish the proof
it suffices to take Y C X, an open neighborhood of z € X such that the
morphism U — 2) is smooth, and ' the corresponding open set in X’. [

Theorem 4.2. Let us consider in NFS a closed immersion ) — 2 given by
a square zero ideal T C Ogy and fo : Xo — Yo a smooth morphism with Xo a
separated formal scheme. Then there is an element cy, € ExtQ(ﬁéo/%, f37)
such that: cy, vanishes if and only if there exists a smooth lifting X of Xo
over 9).

Proof. From Proposition 4.1, there exists an affine open covering i, =
{a0}acr of Xo, such that for all & € L there exists a smooth lifting
of Uao over Y. As Xy is a separated formal scheme U,z := HUap N Ugo
is an affine open set for any a, 8 and, if we call U,3 C U, and Ug, C Ug
the corresponding open subsets, from 3.3 there exists an isomorphism uqg :
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Uop — Uga such that the following diagram
Hapo — Hap
\ ZJN
Hsa )

commutes. For any o, 3,7 such that U,g,0 := Uao NUgo N, o # T, let us
write Ungy 1= Uag Xy, Yay. It holds that

Uafy = U;ﬂuwmuw ° Uﬁﬂugamum ° uaﬁ|uaﬁmuaw € Autuw%O (Uapgy)-
Applying 3.2 we get a unique Pagy € I'(Hagy,0, Homoy, (Q;&)/%, f3Z)) who-

se adjoint satisfies the relation uim - 1§1am = Qapy oc/l\uam/@. Let Unpy6,0 :=

oo NUgo Ny o NUsp. By the previous discussion the cochain ¢y, =
(Papy) € CQ(ﬂ., Homo,, (ﬁ%eo/%, fiT)) satisfies the cocycle condition

(421) ¢aﬁ7|ﬂam5,o - ¢a75|uaﬁ'y5,0 + ¢ﬁ75|ua/57570 - ¢ﬁ§a|uaﬂ'y5,0 = 0
for any «, 3, v,  such that {,3.50 # @ and, therefore,
v2 ~
by, € 27 (Lo, Homo (x, j90s [0T))-

Using 3.4 and reasoning in an analogous way as in the proof of Proposition
3.5, it is easily seen that the definition of

.9 ~ *
Cyf, ‘= [gbu.] c H (il.,’/‘lomoxo (Ql:{o/@o)foz-))

does not depend on the choice of the family of isomorphisms {uqg}. Fur-

thermore, if U, is an affine open refinement of i, then cy, = cy, €
Hz(f{o,Hom@xo (Q;eo/%,f(’)‘f)). By [2, Proposition 4.8], (AZ;EO/% is a lo-

cally free Ox,-module. Since Xy is separated, using [1, Corollary 3.1.8] and
[8, Ch. III, Exercise 4.11], we have that ﬁZ(%o,Homoxo ((AZ;O/%, RRI) =

HQ(%O,Hom@xo (@;60/2)0, f5Z)). We set

cpy = [bu.] € H2(Xo, Homoy (D, jmyy» £51)) = Ext®(Qk, o, F0T)-

Let us show that cy, is the obstruction to the existence of a smooth lifting
of Xy over ). If there exists a smooth lifting X of Xg over ), one could
take the isomorphisms {ung} above as the identities, then ¢y, = 0, trivially.
Reciprocally, let Uy = {4y 0}acr be an affine open covering of X and, for
each o, U, a smooth lifting of U, o over I such that, with the notations
established at the beginning of the proof, cs, = [¢y,] with

L9 ~ "
¢il. = (¢a,87) €7z (ﬂo,Homoxo (Q}{O/@O)fol—))'

In view of c¢g, = 0, we are going to glue the 9)-formal schemes {l, }aecr, into a
smooth lifting of X over ). By hypothesis, we have that ¢y, is a coboundary



BASIC DEFORMATION THEORY 13

and therefore, there exists (¢,3) € Cl(il., Homoy, (Q;eo/%’ f3Z)) such that,
for any «, 3, with 4,50 # 9,

(4.2.2) ¢aﬁ|uag%0 - ¢a7|uaﬁ’y,0 + ¢5'Y|L(a5’y,0 = Papy

For each couple of indexes a, 8 such that .30 # @, let vog : Usp — Us,

be the morphism which is the identity as topological map, and that, as

topologically ringed spaces map is given by viﬁ = uﬂaﬂ — Gap © dx/y| o

The family {v,g} satisfies:

e Each map v,g is an isomorphism of 9-formal schemes (by 3.4).
e For any a, (3, v such that U,g, 0 # 9,

-1 —
/Uafy|u,yglﬁluya © Uﬂ’y|£lgaﬂ§,lgw o vaﬁ’uagmua'y - ]'L(a//jr\l/ua'y

by (4.2.1) and (4.2.2).
e For any a, 3, vaq = 1y, and v;ﬂl = Ugq-

Thus, the 9-formal schemes {{,} glue into a smooth lifting f : X — 2 of
Xo over 2 through the glueing morphisms {v,g}. O

Corollary 4.3. With the hypothesis of Theorem 4.2, if Xy is affine, there
exists a lifting of Xo over ).

Proof. By [1, Corollary 3.1.8] we have that H?(Xo, Homo,, (5\2%60/%, 1)) =
0 and the result follows from the last proposition. O
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